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Example 2 - Trignometric Fourier Series

x(t) = 1  if 0<= t <= pi
      = -1 if pi<= t <= 2pi
We can approx. x(t) by using the trignometric fourier series as follows:

≔t , ‥0 ― ―
200

⋅2 pi = 180 deg, 2pi = 360 deg

≔x ((t)) ‖
‖
‖
‖
‖
‖

|
|
|
|

|

|

|

if (( ≤≤0 t ))
‖‖ ←x 1

|

|

if (( ≤≤t ⋅2 ))
‖‖ ←x −1
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Define the fourier coefficients:

≔T ⋅2 defining the fundamental period (one cycle of 2pi)

≔ω0 ― ―
⋅2
T

defining the fundamental frequency w0

≔N 5 defining the number of terms N

≔n ‥1 N set range for n

Set the integrals:

≔a0 ⋅―
2
T
⌠⌡ d
0

T

x ((t)) t
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≔a
n

⋅―
2
T
⌠
⌡ d
0

T

⋅x ((t)) cos⎛⎝ ⋅⋅n ω0 t⎞⎠ t n is a matrix element in term 'an and bn' 
in  the equations

≔b
n

⋅―
2
T
⌠
⌡ d
0

T

⋅x ((t)) sin⎛⎝ ⋅⋅n ω0 t⎞⎠ t

Defining x(t):

≔x ((t)) +―
a0

2

⎛
⎜⎝
∑

=n 1

N

⎛
⎝

+⋅a
n

cos⎛⎝ ⋅⋅n ω0 t⎞⎠ ⋅b
n

sin⎛⎝ ⋅⋅n ω0 t⎞⎠⎞⎠
⎞
⎟⎠

=x ((t))

⋅5.05305 10−16

0.059971
0.11977
0.179225
0.238165
0.296424
0.353838
0.410246
0.465494
0.519434
0.571921
0.622822
⋮

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥⎦

=a0 0

=a
n

0
0
0
0
0

⎡
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥⎦

=b
n

1.27324
⋅3.754602 10−17

0.424413
− ⋅1.656008 10−17

0.254648

⎡
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎦

Plot the Fourier series coefficients:
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  Go back up to N=5 and change it to N=7
The plot of x(t) gives a better representation of the signal x(t).
It will have 4 peaks in the positive and negative sides instead of 3 when N=5.

Example 3-3 Symbolic Computation of Fourier Series
                   Same example as 3-2, but using the Mathcad Prime
                   symbolic computation. 

((x))

≔t , ‥0 ― ―
200

⋅2 defining the range for time t

≔x ((t)) ‖
‖
‖
‖
‖
‖

|
|
|
|

|

|

|

if (( ≤≤0 t 0))
‖‖ ←x 1

|

|

if (( ≤≤t 2 ))
‖‖ ←x −1

defining the function to be 
approximated

≔T 2 defining the fundamental period

≔ω0 ― ―
2

T

≔N 6 defining the number of terms ((n))

≔n ‥1 6 set a range for n

≔10−2 reducing the tolerance

2
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≔a0 +⋅―
2
T
⌠⌡ d
0

1 t ―
2
T
⌠⌡ d−1 t

→a0 0 calculate a0, arrow pointing to the right  ---> calculate

next defining a(n) and calculating

≔a ((n)) →+⋅―
2
T
⌠
⌡ d
0

cos⎛⎝ ⋅⋅n ω0 t⎞⎠ t ⋅―
2
T
⌠
⌡ d
⋅2

((−1)) cos⎛⎝ ⋅⋅n ω0 t⎞⎠ t +― ― ― ―
sin (( ⋅n))
⋅n

― ― ― ― ― ― ― ―
−sin (( ⋅n)) sin (( ⋅⋅2 n))
⋅n

next defining b(n) and calculating

≔b ((n)) →+⋅―
2
T
⌠
⌡ d
0

sin⎛⎝ ⋅⋅n ω0 t⎞⎠ t ⋅―
2
T
⌠
⌡ d
⋅2

((−1)) sin⎛⎝ ⋅⋅n ω0 t⎞⎠ t −― ― ― ― ―
⋅2 sin⎛⎜⎝

― ―
⋅n
2
⎞
⎟⎠

2

⋅n
― ― ― ― ― ― ― ―

−cos (( ⋅n)) cos (( ⋅⋅2 n))
⋅n

defining the fourier series equation and calculating

≔x ((t)) →+―
a0

2
∑

=n 1

N

⎛⎝ +⋅a ((n)) cos⎛⎝ ⋅⋅n ω0 t⎞⎠ ⋅b ((n)) sin⎛⎝ ⋅⋅n ω0 t⎞⎠⎞⎠
⎡
⎢⎣

⎤
⎥⎦

++― ― ― ―
⋅4 sin (( ⋅3 t))
⋅3

― ― ― ―
⋅4 sin (( ⋅5 t))
⋅5

― ― ―
⋅4 sin ((t))⎡

⎢⎣
⎤
⎥⎦

next for purpose of ploting manually set x(t) := to the evaluated answer above, the 
evaluated term above cannot be directly placed into x(t) for plotting into the plot's y-axis

≔x ((t)) ⎛
⎜⎝

++― ― ― ―
⋅4 sin (( ⋅3 t))
⋅3

― ― ― ―
⋅4 sin (( ⋅5 t))
⋅5

― ― ―
⋅4 sin ((t))⎞

⎟⎠
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Now go back and set N=7 for an improved representation of the original signal x(t),
notice there is no change. This is because the problem here was solved using 
symbolic calculation rather than iterations with the summation function.
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Example 3-5  Exponential fourier series in Prime 2.0

Refer to an engineering 
mathematics textbook for the 
pure mathematics derivation 
side for the exponential 
fourier series of this waveform

((x)) ((n))

≔x ((t))
‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
|

|
|
|
|
|
|

if

else

⎛
⎜⎝

≤≤― ―
−

2
t ―

2
⎞
⎟⎠

‖‖ ←x 1

‖‖ ←x 0

defining the function to be 
approximated

≔t , ‥−10 −9.9 10 defining the range for time t
≔T 2 defining the fundamental period
≔ω0 ― ―

2
T

We plot the signal x(t) between -pi/2 and pi/2.
Rest of the values of x(t) are equal to zero. 
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Next we define Cn and change the origin of the array to start at a 
negative value since we plot the coefficients for negative values of n

≔Origin −10

We have to define the range of n to be a suitable number since we cannot 
handle 'infinity'
≔N 10
≔n ‥−N N ≔j ‾‾‾−1

Finally we compute the Fourier coefficients Cn

≔C ((n)) +⋅―
1
T

⌠
⌡ d
⎛⎝―
−

2
⎞⎠

0

⋅1 ⋅⋅⋅−j n ω0 t t ⋅―
1
T
⌠
⌡ d
0

―
2

⋅1 ⋅⋅⋅−j n ω0 t t

Take the magnitude of the coefficients Cn in plot, since the wave has positive 
values only:
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Now we plot the fourier series representaton of the signal. To do this we define 
another signal xs(t), and equalize it to the exponential fourier series equation.

≔xs ((t)) ∑
=n −N

N

⋅C ((n)) ⎛⎝ ⋅⋅⋅j n ω0 t⎞⎠

Remember to take the magnitude of xs(t), because the original signal is 
positive values of x(t)
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The Continous Time Fourier Series Property:

If x(t) is an odd function, where x(t) = -x(-t) OR -x(t) = x(-t) for all t
then a0 = 0 and an = 0.
If x(t) is even function, where x(t) = x(-t),
then bn = 0.
In other words, when we multiply an odd function with an even function, and intergrate it over one 
period, the area is 0.

Next example demonstrates this. Notes on even and off function provided below.
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Example 3.6

≔t , ‥− ⋅−0.99
≔x ((t)) (( ,,<t 0 1 −1)) when t =  - pi to 0, x(t) = -1

         t =   0  , x(t) = 0
         t =   0 to pi, x(t) = 1

plot below x(t) symmetry over the origin so its an odd function
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next define a sine function (odd) to multiply it to x(t) the original signal (odd)

≔x2 ((t)) sin ((t))
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now multiplying original signal x(t) with the sine function x2(t)= sin(t)

≔x3 ((t)) ⋅x ((t)) x2 ((t))
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From the plot above the area of x3(t) with the 0 axis is Not equal to 0.
Odd function x(t) multiplied to odd function sin(x) results in NOT equal 0

≔A ((t)) =⌠⌡ d
−

x3 ((t)) t −4

Now multiply the same function x(t) which is even by a cosine function ie even function:

≔x4 ((t)) cos ((t))

≔x5 ((t)) ⋅x ((t)) x4 ((t))
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In the plot above at t = 0 and value of x5(t) = 1 and - 1, drops down 
vertically from 1 to -1.
This plot shows that its sum equals 0, the positive side of the plot 
cancels the negative side of the plot. 
The Fourier Property - even x(t) multiply by even cos (t) = 0

≔A ((t)) =⌠⌡ d
−

x5 ((t)) t 0 Here the Prime integral 
evaluated result equal 0

Example 3.7
≔x ((t)) 0 Initialise x(t)
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≔x ((t)) (( ,,<t 0 −0.5 t 0.5 t)) x(t) is an even function - the original function to be evaluated
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≔x3 ((t)) ⋅x ((t)) x2 ((t))
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The even function after multiplying by an odd sine function equal 0

Next we multiply x(t) by a cosine function
≔x4 ((t)) cos ((t))
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≔x5 ((t)) 0
≔x5 ((t)) x ((t)) x4 ((t))
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The area for x5(t) is NOT equal 0.
Here even function x(t) multiplied by even cosine function results in  NOT 
equal zero area.
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The Continous Time Fourier Transform (Mixed explanation on this refer to your 
textbook, the objective is to get valuable results from Prime/Mathcad.

Notes from Chp 7 Linear Systems and Signals 2nd ed B.P. Lathi. 
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Fourier transform is used to approximate aperiodic signals from time to frequency 
domains.  For instance, a single pulse with duration T can be approximated by 
using the Fourier Transform.
The fourier transform of an aperiodic signal is defined as:

A signal that is not periodic is called an aperiodic signal
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From referenced textbook - example
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Example (of previous page worked).
An attempt to perform the explanation above in Prime/Mathcad

Define signal x(t) a rectangular pulse:
((x)) ((n))

≔A 1 defining the amplitude
≔T 1 defining the time duration
≔t , ‥−5 −4.999 5 defining a range for t

≔x ((t)) ⎛
⎜⎝

,,<||t|| ⎛⎜⎝
―
T
2
⎞
⎟⎠

A 0⎞⎟⎠
signal defined; magnitue of t less than T/2 at 
both ends sides of origin, then t = A, else 0  

0.2
0.3
0.4
0.5
0.6
0.7
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1

-3 -2 -1 0 1 2 3 4-5 -4 5

t

x ((t))

≔j ‾‾‾−1 ≔ω , ‥⋅−5 ⋅−4.999 ⋅5 remember w = 2 pi f

≔X ((ω)) ⌠
⌡ d
−―T

2

―T
2

⋅A ⋅⋅−j ω t t

We can use the symbolic computation feature of Mathcad to get the result symbolically.

≔X ((ω)) →⌠
⌡ d
−―T

2

―T
2

⋅A ⋅⋅−j ω t t ― ― ― ―
⋅2 sin⎛⎜⎝

―
ω
2
⎞
⎟⎠

ω
CORRECT!

the intermediate mathematical steps:

X(w) = (j/w) exp^(-1/2)jw - (j/w) exp^(1/2)jw

this simplifies to

X(w) = sin(1/2)w / (w/2)  ......the 2 in the numerator being at the denomintor w/2

Now the plot of X(w) and its magnitude plot
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The first plot x(t) was in the time domain the x-axis is time, then the X(w) plot above 
is in the frequency domain the x-axis is frequency w=2 pi f, with f representing 
frequency in w.

Next 2 examples from Advanced Engineering Mathematics by H.K. Dass.

Example

Define signal x(t) a rectangular pulse:
((x)) ((t))

≔a 1 defining amplitude value of 'a' for the function
≔t , ‥−5 −4.999 5 defining a range for t

((x)) ((n))

≔x ((t)) (( ,,<||t|| a 5 0)) defining the function to be approximated
its equal to 1 when |t|<a, else 0,
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1
1.5

2
2.5

3
3.5

4
4.5

0
0.5

5

-3 -2 -1 0 1 2 3 4-5 -4 5

t

x ((t))

Plot in time domain

≔j ‾‾‾−1 ≔ω , ‥⋅−3 ⋅−2.999 ⋅3 remember w = 2 pi f

<--this is the equation we seek the Fourier transform
here f(x) is set to 'a'

≔X ((ω)) ⎛
⎜
⎝
― ― ―

1

‾‾‾‾⋅2

⎞
⎟
⎠

⌠
⌡ d
−a

a

⋅a ⋅⋅−j ω t t The Fourier Transform Formula

We can use the symbolic computation feature of Mathcad to get the result symbolically.

≔X ((ω)) →⎛
⎜
⎝
― ― ―

1

‾‾‾‾⋅2

⎞
⎟
⎠

⌠
⌡ d
−a

a

⋅a ⋅⋅−j ω t t ― ― ― ―
⋅‾‾2 sin ((ω))

⋅‾‾ω
Answer

0
0.15

0.3
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0.9
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ω

X ((ω))
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0.5
0.6
0.7
0.8
0.9

0
0.1

1

-6 -4 -2 0 2 4 6 8-10 -8 10

ω

||X ((ω))||
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Since X(w) is complex we have both magnitude and phase angle. Phase angle shown below.

0.8
1.2
1.6

2
2.4
2.8
3.2
3.6

0
0.4

4

-6 -4 -2 0 2 4 6 8-10 -8 10
ω

arg ((X ((ω))))

Example
Define signal x(t):

((x)) ((ω))
≔a 1 defining amplitude value of 'a' for the function
≔t , ‥−5 −4.999 5 defining a range for t

((x)) ((n))

≔x ((t)) ⎛⎝ ,,≤||t|| a ⎛⎝−1 t2⎞⎠0⎞⎠

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

-3 -2 -1 0 1 2 3 4-5 -4 5

t

x ((t)) Plot in time domain

≔j ‾‾‾−1 ≔ω , ‥⋅−3 ⋅−2.999 ⋅3

≔X ((ω)) ⎛
⎜
⎝
― ― ―

1

‾‾‾‾⋅2

⎞
⎟
⎠

⌠
⌡ d
−a

a

⋅⎛⎝−1 t2⎞⎠ ⋅⋅−j ω t t The Fourier Transform Formula

≔X ((ω)) →⎛
⎜
⎝
― ― ―

1

‾‾‾‾⋅2

⎞
⎟
⎠

⌠
⌡ d
−a

a

⋅⎛⎝−1 t2⎞⎠ ⋅⋅−j ω t t ― ― ― ― ― ― ― ― ― ―
⋅‾‾2 (( −⋅2 sin ((ω)) ⋅⋅2 ω cos ((ω))))

⋅‾‾ω3
Answer
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ω

X ((ω))

0.3

0.45

0.6
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0.9
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0

0.15
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ω

||X ((ω))||

1.2
1.8
2.4

3
3.6
4.2
4.8
5.4

0
0.6

6

-6 -4 -2 0 2 4 6 8-10 -8 10

ω

arg ((X ((ω))))

Next examples are from Chp 7 Linear Systems and Signals 2nd ed B.P. Lathi. This is 
an indepth/comprehensive treatment on the subject, highly recommended. For 
undergraduates.
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Example (Not very clean but makes for learning)
Find the Fourier transform of (e^-(at)) u(t)?
Product of exponential and step function.

((x)) ((u)) ≔t 0 ≔a 0
≔u ((t)) Φ((t)) step function u(t) set equal to heavyside function for Prime-Mathcad

step function in conditional statement will not work in the integral 
calculation for Fourier transform

≔a −1 <--- this sets value of 'a' in exp. function
Change the value of 'a' above to +ve and -ve, see the changes in the plots. When 
(a) <0 then (e^-(at)) u(t) = infinity, (set plot y-axis upper scale to 1000)
(a) >0 then  (e^-(at)) u(t) = 0

≔t , ‥−10 −9.5 10 defining a range for t
≔xexp ((t)) ⋅−a t

Plots of the original signals:

4⋅10³
6⋅10³
8⋅10³
1⋅10⁴
1.2⋅10⁴
1.4⋅10⁴
1.6⋅10⁴
1.8⋅10⁴
2⋅10⁴
2.2⋅10⁴

0
2⋅10³

2.4⋅10⁴

-6 -4 -2 0 2 4 6 8-10 -8 10
t

xexp ((t))

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

0
0.2

2

-6 -4 -2 0 2 4 6 8-10 -8 10
t

u ((t))

200
300
400
500
600
700
800
900

0
100

1⋅10³

-6 -4 -2 0 2 4 6 8-10 -8 10
t

⋅xexp ((t)) u ((t))

For the  above (e^-(at)) u(t) plot see the red notes above to change the plot results
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≔j ‾‾‾−1 ≔ω , ‥⋅−10 ⋅−9.999 ⋅10 ≔X ((ω)) 0 initialise X(w)

≔X ((ω)) ⎛
⎜
⎝
― ― ―

1

‾‾‾‾⋅2

⎞
⎟
⎠

⌠
⌡ d
−10

10

⋅⋅xexp ((t)) u ((t)) ⋅⋅−j ω t t The Fourier Transform Formula

To calculate the integral set a = 1 or -1, the limits from 0 to 10 since 
there it it NOT equal to 0 here.

≔X ((ω)) →⎛
⎜
⎝
― ― ―

1

‾‾‾‾⋅2

⎞
⎟
⎠

⌠
⌡ d
−0

10

⋅⎛⎝ ⋅xexp ((t)) u ((t))⎞⎠
⋅⋅−j ω t t ― ― ― ― ― ― ― ― ― ― ―

⋅⋅‾‾2 ⎛⎝ −⋅10 −(( ⋅10i ω)) 1⎞⎠(( +1 ⋅ω 1i))

⋅⋅2 ‾‾⎛⎝ +ω2 1⎞⎠

The above integral result is not the textbook example answer, because its a 
theorectical example. However the calculated integral shows Prime can 
perform the calculation, the magnitude plot is close to the theorectical 
result in terms of the shape of the plot, the amplitude is high. Similarly 
phase angle plot is slightly different.

1⋅10³
2⋅10³
3⋅10³
4⋅10³
5⋅10³
6⋅10³
7⋅10³
8⋅10³
9⋅10³

-1⋅10³
0

1⋅10⁴

-6 -4 -2 0 2 4 6 8-10 -8 10

ω

||X ((ω))||

-3
-2
-1

0
1
2
3
4

-5
-4

5

-0.195 -0.13 -0.065 0 0.065 0.13 0.195 0.26-0.325 -0.26 0.325

ω

arg ((X ((ω))))
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Example - Worked out for a solution, makes for a learning exercise, results may look 
accurate. The logic maybe close enough! Textbook results at end of example.
Define signal x(t) as a rectangular pulse (unit gate pulse)  - rect(tau/t):

((x)) ((ω)) ((t)) ((n))

Sketch example for meeting 
the objective of the example 
problem.

≔nτ 1 <----- enter 1 for width of signal of unit value horizontal axis  
≔puscale = 3.142 the unit for the horizontal and vertical axis is pi 3.142

time domain signal width - tau axis horizontal
≔τdelta ― ― ― ― ― ― ―

⎛
⎜⎝

−― ― ―
⋅nτ (( ))
2

― ― ―
⎛⎝ ⋅−nτ ⎞⎠

2
⎞
⎟⎠

puscale The unit gate pulse (rect(t)) is expanded by a factor 
tau along the horizontal axis, and therefore can be 
expressed as rect(t/tau)

=τdelta 1

≔AmpVvrt nτ amplitude value - vertical axis is the voltage with a value equal to 
nt (ntau )

≔xarea_t ⎛⎝ ⋅τdelta AmpVvrt⎞⎠ time domain signal height - amplitude equal to tau 
value at horizontal axis

=xarea_t 1 pulse area

now set the value of tau with respect to the plot of the signal above

≔τ ― ― ―
⋅nτ (( ))
2

≔nt 5 time range - horizontal axis 

≔t , ‥−10 −9.99 10

≔x ((t)) ⎛
⎜⎝

,,<||t|| ―
τ
2

xarea_t 0⎞⎟⎠
defining the function equal to x_area_t when |t|<tau/2, else 0,

Now we will focus just on the one rectangular pulse with a width of tau (horizontal 
axis) and V = 1 (vertical axis). Just the one rectangular pulse. This attempt is amateur 
but signals are formed on user needs, and the objective is to apply Fourier transforms 
in a mathematical software. You can form your own signals!
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Plot in time domain this is the signal shape we seek

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

-6 -4 -2 0 2 4 6 8-10 -8 10
t

x ((t))

≔j ‾‾‾−1
≔τ =τdelta 1
≔nw ⋅nt 2

≔ω , ‥― ― ―
−⎛⎝ ⋅nw ⎞⎠
τ

― ― ― ― ― ―
−⎛⎝ ⋅⎛⎝ −nw 0.01⎞⎠ ⎞⎠

τ
― ― ―
⎛⎝ ⋅nw ⎞⎠
τ

Equation of the signal to apply in the Fourier transform integral?

Our rectangular pulse area would make the euqation for the signal, which is 
equal to the value of the amplitude (area = 1, amplitude voltage = 1)

Hence we deduce rect(tau/t) = 1 = x_area_t = 1
our equation in the integral is rect(tau/t) = 1 
so we let x = 1
≔x 1 equation of signal

≔X ((ω)) ⌠
⌡ d

―−τ
2

―τ
2

⋅((x)) ⋅⋅−j ω t t The Fourier Transform Formula

≔X ((ω)) →⌠
⌡ d

―−τ
2

―τ
2

⋅((x)) ⋅⋅−j ω t t ― ― ― ―
⋅2 sin⎛⎜⎝

―
ω
2
⎞
⎟⎠

ω
Answer

Sinc(t) = sin (t)/ t. Sinc(t) is an even function. Using L'Hopitals rule sinc(0)=1.
The above answer can be reduced to X(w) = (tau)sinc ((w tau)/2), where tau = 1.
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arg ((X ((ω))))
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Explanation provided above.

Applying the integral itself is not enough we need to have some idea of function 
and what its integral would produce. We need to study each type of signal 
function with respect to signal processing.
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Example
Find the Fourier transform of the unit impulse delta(t)?

((x)) ((t))

≔x ((t)) (( ,,＝t 0 1 0)) unit impulse function

≔t , ‥−10 −9.999 10 the interval has to be made small here it is 0.001 then the 
impulse of value 1 is seen as a straight line at time t = 0, 
otherwise a triangle shape is seen at t=0

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

-6 -4 -2 0 2 4 6 8-10 -8 10

t

x ((t))

The conditional signal cannot be placed in the Fourier transform equation. 
The signal is 1 at time t=0, elsewhere it is 0. So the equation that best 
represents the function is x(t=0) = 1, which is really x=1.
So the Fourier transform of the unit impulse function = 1

≔t 0 =δ(( ,t 0)) 1 This is Prime delta function for unit impulse
delta(m,n) m=t time, when t= 0 t=n, and the function returns the 
value of 1. This function will not work in the integral either. Placing 
a 1 in the integral is not accurate because thats the output of the 
function not the function itself.

≔ω , ‥⋅−0.01 −0.009 ⋅0.01

The Fourier Transform Formula
≔X ((ω)) ⌠
⌡ d

―−1
2

―1
2

⋅1 ⋅⋅−j ω t t We place the constant 1 in the integral and set 
the upper and lower limits to 0.5 and -0.5 which 
would result with a value of 1 at t=0 in the plot, 
for limits of w=-0.01pi to 0.01pi.

We did not expect to the se 
sinc function as the result of 
the integral

≔X ((ω)) →⌠
⌡ d

―−1
2

―1
2

⋅1 ⋅⋅−j ω t t ― ― ― ―
⋅2 sin⎛⎜⎝

―
ω
2
⎞
⎟⎠

ω

The plots show some output we can relate to the phase angle is zero on 
the positive w-axis. You may be able to do better wrt to the integral.
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0.999967
0.999971
0.999975
0.999979
0.999983
0.999987
0.999991
0.999995
0.999999

0.999959
0.999963

1.000003
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ω
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||X ((ω))||
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3
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4
4.5

0
0.5

5

-0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04-0.05 -0.04 0.05
ω

arg ((ω))

Example - Cosine

Find the Fourier transform of the everlasting sinusoid cos w0(t)
≔t , ‥−10 −9.999 10
≔f0 50
≔ω0 ⋅⋅2 f0 fundamental radian frequency
≔A 1 ampliutude of the cosine signal
≔w , ‥⋅−10 ω0 ⋅−9.99 ω0 ⋅10 ω0

≔x ((t)) ⋅A cos⎛⎝ ⋅ω0 t⎞⎠
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by setting the limits at 1 to -1 we get the result of 1

≔X ((ω)) →⌠
⌡ d
−1

1

⋅x ((t)) ⋅⋅−j ω0 t t 1

These plots look concurring but the logic is inaccurate. See the textbook 
explanation below the plots. WRONG!
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2

-6 -4 -2 0 2 4 6 8-10 -8 10
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ω

arg ((ω))

Explanation provided below.
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Here the focus is on signal processing so we are concerned with signals that 
are of use in applications, not solving problems in mathematics in general.

So the function to be Fourier transformed needs to have signal characteristics 
or properties for application and or processing in systems.

Inverse Fourier Transform

In our use of Fourier Transforms we want the result to be represented with 
respect to the radian frequency w. This is what we see in the horizontal axis.
Frequency Domain.

Given the Fourier Transform of a signal (wrt to w) we want to find the original signal 
with respect to time. 
Time Domain.

<--- Equation for the Inverse Fourier Transform
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Example 3.8 - Chp 3 Freq. Domain Analysis

Apply Prime/Mathcad to find the inverse Fourier Transform of the above signal as follows:

Lets define w and X(w)

≔W 1 defines the width from -W to W = 1

≔ω , ‥−5 −4.999 5 Set a range

≔X ((ω)) (( ,,<||ω|| W 1 0)) defining the function - this is correct

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

-3 -2 -1 0 1 2 3 4-5 -4 5

ω

X ((ω))

Now the inverse Fourier transform of X(w)

≔j ‾‾‾−1 For the infinity sign ==> ctrl + Shift + z

≔x ((t)) ⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d
−

⋅X ((ω)) ⋅⋅j ω t ω defining the Fourier transform equation

Look at the plot above for X(w) from the left side, coming from infinity to W, 
then W to -W, and finally from -W to infinity.

≔x ((t)) ++⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d
−

−W

⋅X ((ω)) ⋅⋅j ω t ω ⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d
−W

W

⋅X ((ω)) ⋅⋅j ω t ω ⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d

W

⋅X ((ω)) ⋅⋅j ω t ω
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The two side integrals produce the result of 0 in the plot so we concentrate on the middle 
integral which results in 1:

≔X ((ω)) 1

≔x ((t)) ⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d
−W

W

⋅X ((ω)) ⋅⋅j ω t ω

the steps include exponential 
terms, euler's identity sine term 
and it solves for the sine term 
= sin(t)/((pi)t)

≔x ((t)) →⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d
−W

W

⋅X ((ω)) ⋅⋅j ω t ω ― ―
sin ((t))
⋅t

set t range for plot of x(t)

≔t , ‥⋅−6 ⋅−5.99 ⋅6

0
0.04
0.08
0.12
0.16

0.2
0.24
0.28

-0.08
-0.04

0.32

-12 -8 -4 0 4 8 12 16-20 -16 20

t

x ((t))

The result of the inverse Fourier transform.

Example - Signals and Systems 2nd ed by B.P. Lathi 

Find the inverse Fourier transform of del(w):

from - infinity to -0.0001 = 0, from 0 to 0 = 1, from 0.0001 to infinity = 0 
so the value of the integral is at 0 so we use the middle intergral

((ω))

≔δ((ω)) ⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠
⌠
⌡ d
−

⋅δ((ω)) ⋅⋅−j ω t ω

at w = 0, the function = 1, elsewhere = 0

so evaluating manually 
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≔δ((w)) ⋅⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠

1

≔δ((ω)) ⎛
⎜⎝
― ―

1
⋅2
⎞
⎟⎠

⋅2 πδ((ω)) =  1 is the amplitude of the signal

so x(t) = 2 pi del(w) = 1
    x(t) = 1

≔t , ‥−100 −99 100
≔x ((t)) 1

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

0
0.2

2

-60 -40 -20 0 20 40 60 80-100 -80 100

t

x ((t))

Prime impulse function d(m,n) m=n = 1. When the value of m equal to n, spif n = 5
then del(m,5)=1 if m = 5

≔ω , ‥−5 −4 5
((δ))
≔X ((ω)) ⋅⋅2 δ(( ,0 ω)) when w = 0, then del(0.w)=1

1.3
1.95

2.6
3.25

3.9
4.55

5.2
5.85

0
0.65

6.5

-3 -2 -1 0 1 2 3 4-5 -4 5

ω

X ((ω))
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Fourier Transform Spectra
Notes from Signals and Systems 2nd ed BP Lathi Publisher Oxford
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Example - With its understanding (Stem Plots)

We can use the knowledge we gained from the previous section to 
perform spectral analysis in Mathcad. 
Let the frequency of a signal be x(t) be

≔ω0 1

≔x ((t)) cos⎛⎝ ⋅ω0 t⎞⎠

≔t , ‥− ⋅−0.9

Plot of x(t):
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-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

-1
-0.8

1

-1.95 -1.3 -0.65 0 0.65 1.3 1.95 2.6-3.25 -2.6 3.25

t

x ((t))

Now the spectral which is the Fourier transform of x(t):

≔x ((t)) cos⎛⎝ ⋅ω0 t⎞⎠ ((x)) ((X))

≔X ((ω)) ⌠
⌡ d
−

⋅x ((t)) ⋅⋅−j ω t ω

≔X ((ω)) ⌠
⌡ d
−

⋅x ((t)) ⋅⋅−j ω t ω Prime/Mathcad cannot evaluate this

manual evaluation: ((X))

≔X ((ω)) ⋅π⎛⎝ +Dirac⎛⎝−ω ω0⎞⎠ Dirac⎛⎝ +ω ω0⎞⎠⎞⎠ Dirac is the Dirac Delta function

≔X ((ω)) +⋅⎛⎝δ⎛⎝−ω ω0⎞⎠⎞⎠ ⋅⎛⎝δ⎛⎝ +ω ω0⎞⎠⎞⎠ substituting Dirac for del function

Now lets plot the spectral by defining X(w) and d(w):
≔ω , ‥−5 −4 5 ≔ω0 1

≔δ((ω)) (( ,,＝ω 0 1 0))

((X))
≔X ((ω)) +⋅⎛⎝δ⎛⎝−ω ω0⎞⎠⎞⎠ ⋅⎛⎝δ⎛⎝ +ω ω0⎞⎠⎞⎠

Now we can plot the spectral of x(t):
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The spectral of x(t) - stem plot

1
1.5

2
2.5

3
3.5

4
4.5

0
0.5

5

-3 -2 -1 0 1 2 3 4-5 -4 5

ω

||X ((ω))||

Now let w0 = 2 where x(t) = cos (2 w0 t)

≔x ((t)) cos⎛⎝ ⋅⋅2 ω0 t⎞⎠
so w0 = 2
≔w0 2
≔δ((ω)) (( ,,＝ω 0 1 0))
((X))
≔X ((ω)) +⋅⎛⎝δ⎛⎝−ω ω0⎞⎠⎞⎠ ⋅⎛⎝δ⎛⎝ +ω ω0⎞⎠⎞⎠

The new spectral of x(t) - stem plot

1
1.5

2
2.5

3
3.5

4
4.5
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0.5

5

-3 -2 -1 0 1 2 3 4-5 -4 5

ω

||X ((ω))||
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Discrete Time Signals
Discrete Time Fourier Series:
Earlier examples the focus was on continous time signals, now the focus is on discrete 
time signals.

First we used Fourier series to approximate a continous time periodic signal as a sum 
of sine and cosine. By replacing sine and cosine with Euler's identity, the series 
changes to exponential Fourier series. 
For discrete time signals we can use a similar approach to approximate 
discrete time periodic signals. In this example we learn more about discrete 
time Fourier series and how to use Mathcad to manage it.

A discrete periodic signal 
x(n) = x(n + N)
can be approximated by using the discrete-time Fourier series equation.

Example - Discrete Time Fourier Series
Discrete time periodic signal shown below

Objective is to find an equation that represents this signal, x(n)?

Fist find the period of the signal?

Studying the signal just like a sunusoid signal, the period is 7.
From 0 to 3 = 1, then drops to 0 from 4 to 6, and there is space before 7 so the 
signal ends at 7, and picks back up again with a new period at 7

Instead of T, here in the discrete form we use N

≔N 7 discrete period
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Set a range for n:
Here n is the number of points that represents a value for the signal, 
it does not do so at n=7, where the next period in the signal picks 
up, it is at n=N-1 at n=6

≔n , ‥0 1 −N 1

≔x ((n)) (( ,,≤n 3 1 0)) defining the signal

<---Correct for x(n) above

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

2 3 4 50 1 6

n

x ((n))

Discrete signal plotted

Now lets define Ck?

≔k ‥0 −N 1

≔j ‾‾‾−1

≔c ((k)) ⋅⎛
⎜⎝
―
1
N
⎞
⎟⎠
∑

=n 0

−N 1

⋅x ((n))
−― ― ― ―(( ⋅⋅⋅⋅j k 2 n))

N
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The plot of the coefficients c(k) is not easy 
due to the narrow and wider range of the plot, 
however its magnitude can be plotted

=c ((k))

0.571429
−0.071429 0.312949j
+0.071429 0.034398j
−0.071429 0.089569j
+0.071429 0.089569j
−0.071429 0.034398j
+0.071429 0.312949j

⎡
⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥⎦

0.175
0.225
0.275
0.325
0.375
0.425
0.475
0.525
0.575

0.075
0.125

0.625

2 3 4 50 1 6
k

||c ((k))||

next the plot of the equation x(n) defining the discrete Fourier series

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

2 3 4 50 1 6

n

x ((n))

The above plot of x(n) is the discrete signal which was 
provided to  be solved at the beginning of the example. 
This satisfies the solution to the example.

How  to make the signal periodic in the plot. 
Extend the value of n from -10 to 10, 
so several periods are seen like sinusoids in continous time?
This requires additional effort perhaps with a little programming with multiple if statements.
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Discrete Fourier Transform DFT

We can use Prime (Mathcad) to compute the DFTs of xn from the 
following steps.

a).

Origin function to reset the subscript of the array to negative. 
As we know, Prime can index arrays from both positive and negative.

((n))
≔Orign −50 so we can enable negative tracking

≔N 10
≔j ‾‾‾−1
≔n ‥0 −N 1

≔u ((n)) (( ,,≥n 0 1 0)) defining the step function

≔x ((n)) ⋅⎛
⎜⎝
―
1
2
⎞
⎟⎠

n

u ((n)) defining the signal

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0

0.1

1

0 1 2 3 4 5 6 7 8 9-2 -1 10

n

x ((n))
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b)
Compute the discrete Fourier transform (DFT) of x(n):

≔k ‥0 −N 1

≔x ((k)) ∑
=n 0

−N 1

⋅x ((n))
― ― ― ―⋅⋅⋅⋅−j k 2 n

N
defining the equation of the transform
check the equation with your signals 
and systems textbook (leaving out 1/N)c).

Now plot x(k) which is the DFT of x(n)

0.95
1.1

1.25
1.4

1.55
1.7

1.85

0.65
0.8

2

0 1 2 3 4 5 6 7 8 9-2 -1 10
k

||x ((k))||

Inverse Discrete Fourier Transform IDFT

Example 

≔N 10
≔k ‥0 −N 1
≔δ((k)) (( ,,＝k 0 1 0)) defining the unit sampling function - impulse function

≔x ((k)) ++δ((k)) ⋅2 δ(( −k 1)) δ(( −k 2)) defining the transform signal
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0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

0
0.2

2

1.8 2.7 3.6 4.5 5.4 6.3 7.2 8.10 0.9 9

k

x ((k))

≔x ((n)) ⋅⎛
⎜⎝
―
1
N
⎞
⎟⎠
∑

=k 0

−N 1

⋅x ((k))
― ― ―⋅⋅⋅j k n

N
defining the inverse equation

0.085

0.125

0.165

0.205

0.245

0.285

0.325

0.365

0.005

0.045

0.405

1.8 2.7 3.6 4.5 5.4 6.3 7.2 8.10 0.9 9
n

||x ((n))||

Above is the IDFT plot
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Discrete Time Fourier Transform

Example 3.20

≔j ‾‾‾−1

≔u ((n)) Φ((n)) Prime built-in step function

≔a ―
1
2

≔x ((n)) ⋅an u ((n)) This is the  signal we need to find its DTFT

≔X ((ω)) ∑
=n 0

⋅x ((n)) ⋅⋅−j ω n Defining the DTFT equation

Continuing with the requirements for a final plot:

≔u ((n)) (( ,,＝n 0 1 0))

≔a ―
1
2

≔x ((n)) ⋅an u ((n))

next define  the DTFT equation
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≔X ((ω)) ∑
=n 0

⋅an ⋅⋅−j ω n

→X ((ω))

−― ― ―
2

−5i 2

−― ― ―
2

−4i 2

−― ― ―
2

−3i 2

−― ― ―
2

−2i 2

−― ― ―
2

−1i 2
2

−― ― ―
2

−−1i 2

−― ― ―
2

−−2i 2

−― ― ―
2

−−3i 2

−― ― ―
2

−−4i 2

−― ― ―
2

−−5i 2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Dividing the last term in the summation series above by (1/2)
- the summation is shown from -5 to 5

X(w) = -2/(e^-ni - 2)
        = -1/(0.5e^-ni -1)
        = -1 (-1 - 0.5e^-ni)
        = 1/(1 - 0.5e^-ni)
        = 1 / (1 - 0.5e^-njw)
X(w)= 1 / (1 - 0.5e^-jw)   n = 1                     

Now we set the range w

≔ω , ‥0 0.1 ⋅6
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((X))

≔X ((ω)) ― ― ― ― ―
1

⎛
⎜⎝
−1 ⋅―

1
2

(( ⋅−j ω))⎞
⎟⎠

0.95
1.1

1.25
1.4

1.55
1.7

1.85

0.65
0.8

2

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 180 1 19
ω

||X ((ω))||

We had a signal in discrete time form x(n) and now we have it transformed into the
frequency domain

0.95
1.1

1.25
1.4

1.55
1.7

1.85

0.65
0.8

2

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 180 1 19

2 6.28

ω

||X ((ω))||

The signal has a period of 2 pi (6.28)

Next with IDFT on next page
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Inverse Discrete Time Fourier Transform

2 pi denotes that the intergration is carried out over one period, 
since Fourier transform is periodic, we can use Mathcad to compute 
the inverse DTFT of X(e^jw) both symbolically and numerically.
Symbolically with Prime evaluation (--->) and numerically using the 
summation method.

Example 3.21  

Find the Fourier transform of the rectangular pulse.
((X))

≔ω , ‥−15 −14.99 15

≔X ((ω))
‖
‖
‖
‖
‖
‖
‖
‖‖

|
|
|
|
|
|
|
|

|
|
|
|
|
|

|

if

else if

⎛
⎜⎝
≤||ω|| ⎛
⎜⎝
―
4
⎞
⎟⎠
⎞
⎟⎠

‖‖ ←X 1
⎛
⎜⎝

≤<―
4

||ω|| ⎞
⎟⎠

‖‖ ←X 0

These lines define the signal X(w)
Note we cannot use the if( , , ) 
statement. Here an 'if then else' 
type scenario defines the signal

The plot range is set to zoom in on one period, w = -pi to pi in the if then 
else statement above, so we only get this in the plot

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

-1.8 -1.2 -0.6 0 0.6 1.2 1.8 2.4-3 -2.4 3

ω

X ((ω))
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Stem plot of above signal with w set to -15 to 15, does the same result in the plot:
It is seen solid because the interval is 0.01 set in w at begining of the example

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.1

1

-1.8 -1.2 -0.6 0 0.6 1.2 1.8 2.4-3 -2.4 3

ω

X ((ω))

Now how do we show the periodicity of the signal:
We only have one period thus far, how to produce the 
periodicity of the signal?

Similar to example 3.20:

≔j ‾‾‾−1 ((x)) ((n))

≔x ((n)) ⋅⎛
⎜⎝
― ―

1
2
⎞
⎟⎠
⌠
⌡ d
⎛⎝―
−

4
⎞⎠

―
4

⋅1 ⋅⋅j ω n ω DTFT equation

→x ((n)) ― ― ― ―
sin⎛⎜⎝
― ―
⋅n
4
⎞
⎟⎠

⋅n
Prime symbolic evaluated result

The result in exponential form:

x(n) = (1/2pi) ( (-i/n)e^(0.25i pi n) + ((i/n)e^(-0.25 i pi n)).....exponential form

≔n , ‥−15 −14 15 Specify the value of n to plot the Inverse DTFT

Plot using the symbolic evaluation of x(n):
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n

x ((n))

The plot of x(n) above matches expected results in the stem plot

EoF --- End of File
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