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'Engineering style' explanation on Fast Fourier Transform (FFT). 
If you already have the general idea then read the summary at the end.

Sampling using FT poses practical problems such as the need for ideal filters, which are 
unrealisable or are realisable only with infinite delays. So we move on to the FFT! 

<-- Linear Signals and     
      Systems 2nd ed, 
      by B.P. Lathi.
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<<------Read

The sampling theorem is very important in signal analysis, processing, and 
transmission because it allows us to replace a continous-time signal with a discrete 
sequence of numbers.
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Starting with our tutorial textbook authors Derose and Veronis.
Textbook: Signals and Systems Using Prime/Mathcad.
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<<------ The procedure
             explained
             for Prime/Mathcad

<<--- vector - indexing 
         shown below
         uses matrix

≔ORIGIN 0
≔i ‥0 10 ≔t

i
―i
20

≔x ((t)) sin ((t)) ≔y
i

x⎛
⎝
t

i
⎞
⎠

using 1 column matrix for vector

0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

0
0.05

0.5

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.450 0.05 0.5

x⎛
⎝
t

i
⎞
⎠

y
i

=y
i

0
0.049979
0.099833
0.149438
0.198669
0.247404
0.29552
0.342898
0.389418
0.434966
0.479426

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Example 5.1
clear ((x)) clear ((t))
≔f0 50

≔T0 ―1
f0

≔ω0 ― ―⋅2 π
T0

fundamental frequency in radians

≔x ((t)) sin⎛⎝ ⋅ω0 t⎞⎠ defining the signal

-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

-1
-0.8

1

-6 -4 -2 0 2 4 6 8-10 -8 10

t

x ((t))

Next the sample process.
Since Prime (Mathcad) uses the radix-2 FFT, the length of the signal N must be given 
as the power of 2.

≔N 24 radix 2 for Prime FFT

≔ωs 8 sampling angular frequency

≔n ‥0 −N 1 the indexing; 0 to 2^4 - 1 = 0 - 15

≔Ts ― ―⋅2 π
ωs

sampling time/period/interval in radians

≔x
n

sin⎛⎝⋅n Ts⎞⎠ defining the sampling signal in discrete form
n is a matrix vector (single column)

plot the signal in discrete form (stem plot)
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-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

-1
-0.8

1

3 4.5 6 7.5 9 10.5 12 13.50 1.5 15

n

x
n

Above is the plot of discrete samples of the analog signal
n from 0 to 15 (2^4 -1) in plot above for the radix-2

≔X ― ― ―fft ((x))

‾‾N
Applying the FFT function to the sampling signal x_n. Do not 
need to show x_n just the variable x.
Sqrt(N) is the normalisation factor. Its not necessary because it 
is normalsing to the squareroot of the number of samples N.
Most publications skip the normalisation sqrt(N)

≔k ‥0 ⎛
⎜⎝
−―N

2
1⎞⎟⎠

partition the indexing of k to be half of the original index
- as the theory states (even and odd partition)

≔y
k

|
|
X

k
|
|

take the magnitude of X to remove the imaginary constraints

0

0.5

1

1.4 2.1 2.8 3.5 4.2 4.9 5.6 6.30 0.7 7
k

y
k

Remember as if almost seeking this plot shape from previous exercise(s) in another file.

Now lets do without the sqrt(N) normalisation

≔X2 fft ((x)) ≔k ‥0 ⎛
⎜⎝
−―N

2
1⎞⎟⎠

≔y2
k

|
|
X2

k
|
|
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Plot without normalisation below, it has an amplitude 4 times the plot with normalisation.

1

1.5

2

0

0.5

2.5

1.4 2.1 2.8 3.5 4.2 4.9 5.6 6.30 0.7 7
k

y2
k

≔Amp4 =‾‾N 4

The amplitude with normalisation divided the FFT by 4, removing it multiplies the 
amplitude by 4.
So the amplitude increases from 0.5 to 2.
Currently at this stage I like the normalisation because the amplitude is under 1.0.

We used the FFT function from Prime/Mathcad which made it much simpler.

Next an example demonstrating the usefulness of FFT in practical applications.

Example 5.2
clear ((x)) clear ((t)) clear ((X))
≔N 256 Number of points for the sample iterations
≔f 5 frequency
≔ω0 ⋅2 π
≔i ‥0 −N 1 sets the interval of sampling or interval time

≔t
i
―i
N

sampling time ti - i is a vector set by matrix operation t'['i

Create signal to be sampled:
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≔x
i

+++sin⎛
⎝

⋅⋅ω0 f t
i
⎞
⎠

⋅―1
3

sin⎛
⎝

⋅⋅⋅3 ω0 f t
i
⎞
⎠

⋅―1
5

sin⎛
⎝

⋅⋅⋅5 ω0 f t
i
⎞
⎠

⋅―1
7

sin⎛
⎝

⋅⋅⋅7 ω0 f t
i
⎞
⎠

Plot the signal to be sampled (this uses the index method of plotting):

-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

-1
-0.8

1

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.950 0.05 1

0.93 0.2

t
i

x
i

≔X ― ― ―fft ((x))

‾‾N
the FFT of the signal to be sampled ≔X2 X X2 for example 5.4 

≔k ‥0 ⎛
⎜⎝
−―N

2
1⎞⎟⎠

range of the frequency - partition the index

≔y
k

|
|
X

k
|
|

apply magnitude to remove imaginary constraint

Plot of the FFT signal:

0.1
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0.2
0.25

0.3
0.35

0.4
0.45

0
0.05

0.5

30 45 60 75 90 105 1200 15 135

k

y
k

≔PlotRange =−―N
2

1 127 Plot range is from 1 - 127, as set.

0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

0
0.05

0.5

6 9 12 15 18 21 24 27 30 33 36 39 420 3 45

k

y
k
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0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

0
0.05

0.5

6 9 12 15 18 21 24 27 30 33 36 39 420 3 45

0.5

0.167

0.50.50.50.50.50.50.50.5 5 15 25 35

k

y
k

The original signal had 4 sinusoidal terms and each term has its frequency shown above.
Signal to be sampled or original signal below

≔x
i

+++sin⎛
⎝

⋅⋅ω0 f t
i
⎞
⎠

⋅―1
3

sin⎛
⎝

⋅⋅⋅3 ω0 f t
i
⎞
⎠

⋅―1
5

sin⎛
⎝

⋅⋅⋅5 ω0 f t
i
⎞
⎠

⋅―1
7

sin⎛
⎝

⋅⋅⋅7 ω0 f t
i
⎞
⎠

≔f1 =⋅1 f 5 ≔amp1 0.5 from each term above
≔f2 =⋅3 f 15 ≔amp2 =⋅⎛

⎜⎝
―1
3
⎞
⎟⎠

amp1 0.167
≔f3 =⋅5 f 25
≔f4 =⋅7 f 35

The FFT shows the same frequencies on the plot above at 5, 15, 25 and 35, with 
corresponding amplitudes. So here mission accomplished per example requirements.

Inverse FFT
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Example 5.3
Using the FFT of Example 5.1 - Repeated here
clear ((x)) clear ((t)) clear ((X)) clear ((n))

≔f0 50 ≔T0 ―1
f0

≔ω0 ― ―⋅2 π
T0

≔x ((t)) sin⎛⎝ ⋅ω0 t⎞⎠

-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

-1
-0.8

1

-6 -4 -2 0 2 4 6 8-10 -8 10

t

x ((t))

≔N 24 ≔ωs 8 ≔n ‥0 −N 1 ≔Ts ― ―⋅2 π
ωs

≔x
n

sin⎛⎝⋅n Ts⎞⎠ ≔X1 ― ― ―fft ((x))

‾‾N
≔k ‥0 ⎛

⎜⎝
−―N

2
1⎞⎟⎠

≔y
k

|
|
X1

k
|
|

0

0.5

1

1.4 2.1 2.8 3.5 4.2 4.9 5.6 6.30 0.7 7
k

y
k Frequency domain plot.

Proceed with inverse Fast Fourier Transform ifft: 
Do NOT place n in variable x1 below, it has to be a scalar, in plot place n for vector plot.
≔x1 ⋅ifft ((X1)) ‾‾N remember in reverse remove divison by sqrt N, by multipling sqrt N

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1.2

-1

1.2

3 4.5 6 7.5 9 10.5 12 13.50 1.5 15

n

x1
n
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Both the time domain in discrete time - blue, and the inverse fast fourier transform plot - white

-0.8
-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

1

-1.2
-1

1.2

3 4.5 6 7.5 9 10.5 12 13.50 1.5 15

n

n

x
n

x1
n

Example 5.4
In example 5.2 X2 was set equal to X so that we do not have to repeat 
the steps here as we did in example 5.3.

≔x2 ⋅ifft ((X2)) ‾‾N
subscript i was used in example 5.2 for indexing - signal x2-i matches the time domain x_i

-0.18
-0.135

-0.09
-0.045

0
0.045

0.09
0.135

0.18
0.225

-0.27
-0.225

0.27

50 75 100 125 150 175 200 225 2500 25 275

i

x2
i

≔N 256 ≔i ‥0 −N 1 ≔t
i
―i
N

≔f 5 ≔ω0 ⋅2 π

≔x
i

+++sin⎛
⎝

⋅⋅ω0 f t
i
⎞
⎠

⋅―1
3

sin⎛
⎝

⋅⋅⋅3 ω0 f t
i
⎞
⎠

⋅―1
5

sin⎛
⎝

⋅⋅⋅5 ω0 f t
i
⎞
⎠

⋅―1
7

sin⎛
⎝

⋅⋅⋅7 ω0 f t
i
⎞
⎠
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0.4
0.6
0.8

-1
-0.8

1
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t
i

x
i
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Fast Convolution.

Explanation of the steps for Fast Fourier Transform:
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Example 5.6
clear ((x)) clear ((n)) clear ((x1)) clear ((x2)) clear ((y))

≔ORIGIN −4 We want to add zeros later so we shift the origin to -4

≔N 4
≔n ‥0 −N 1
≔u

n
if (( ,,≥n 0 1 0)) defining the discrete unit step function

≔x
n

−u
n

u
−n 4

defining the input signal - using matrix vector

≔h
n

−u
n

u
−n 4

defining the impulse response

0.6
0.8

1
1.2
1.4
1.6
1.8

0.2
0.4

2

2 30 1 4
n

x
n

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

0
0.2

2

2 30 1 4

n

h
n

≔ORIGIN 0 Change the origin back to zero to start at 0
We want to start at zero to add the 0 values

≔j ‥0 7 defining the index of the 0 length vector
≔x1

j
0 ≔h1

j
0 defining two 0 length vectors

Defining 2 new vectors to combine the 0 length vectors

≔x2 stack (( ,x1 x)) vector x1_j + x_n =length ((x2)) 16 no of elements
in vector x2 and h2≔h2 stack (( ,h1 h)) vector h1_j + h_n =length ((h2)) 16

stack(A , B, C, ...)—Returns an array formed by placing A, B, C, ... top to bottom.

Next perform the convolution of both the signals:
Take the FFT of both signals then multiply them together.
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≔X2 fft ((x)) the fft of x[n is fft(x)
≔H2 fft ((h)) the fft of h[n is fft(h)

=X2

1.41
−−0.35 0.85j

0
−−0.35 0.15j

0

⎡
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥⎦

=H2

1.41
−−0.35 0.85j

0
−−0.35 0.15j

0

⎡
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥⎦

≔Y
→――
⋅X2 H2 perform an element by element multiplication for the vectors

- vectorisation

=Y

2
+−0.6 0.6j

0
+0.1 0.1j

0

⎡
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥⎦

≔y ifft ((Y)) inverse FFT of Y

=length ((y)) 8 defining a new index, length function returns the 
number of elements in a vector
n was first defined as 0..N-1 where N = 4
now n: 0 - (8-1), n: 0 - 7.

≔n ‥0 −length ((y)) 1

≔M ‾‾‾‾‾‾‾‾length ((y))
=M 2.83

=y
0

0.35
=y

1
0.71

=y
2

1.06
=n

0
1
2
3
4
5
6
7

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=y

0.354
0.707
1.061
1.414
1.061
0.707
0.354
0

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=y
3

1.41 ≔y1 =⋅y M

1
2
3
4
3
2
1
0

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=y
4

1.06
=y

5
0.71

=y
6

0.35
=y

7
0
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Plot of response y the result of convolution.
Plot is in discrete time domain.

2

3

0

1

4

1 2 3 4 5 6-1 0 7

n

⋅Re⎛
⎝
y

n
⎞
⎠

M

Textbook plot range of n is from n = 0 to 15
With values of 0 for n= 0 to 7, then continues as shown in plot above from 8 to 15.
The results are ok but the plot range is not matching, maybe an error somewhere. Next 
example has a similar situation but with an improvement. 

Textbook plots shown above.
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Example 5.7
clear ((x))clear ((h))clear ((y))clear ((x1)) clear ((x2)) clear ((u))clear ((N))clear ((i)) clear ((n))

vector x = [1 1 1 1 1 1 1 1 ]
vector h = [1 1 1 1 ]

≔ORIGIN −8
≔N 8
≔n ‥0 −N 1
≔u

n
if (( ,,≥n 0 1 0)) defining the discrete unit step function

≔x
n

−u
n

u
−n 8

defining the input signal - using matrix vector

≔i 4
≔i ‥0 −N 5
≔u

i
if (( ,,≥i 0 1 0)) defining the discrete unit step function

≔h
i

−u
i

u
−i 4

defining the impulse response

0.6
0.8

1
1.2
1.4
1.6
1.8

0.2
0.4

2

2 3 4 5 60 1 7
n

x
n

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

0
0.2

2

2 30 1 4

i

h
i

The signal plots above are correct.

≔length ((x)) 8 0-7 is 8 positions
≔length ((h)) 4 0-3 is 4 position

Zero overlaps, one zero position has to be removed

≔N −+8 4 1
=N 11

≔N1 −N length ((x))
≔N1 =−N 8 3 defining the length of the 1st 0 vector

≔j ‥0 −N1 1 defining the index for the 1st 0 vector

≔N2 −N length ((h))
≔N2 =−N 4 7

defining the length of the 2nd 0 vector

≔k ‥0 −N2 1 defining the index for the 2nd 0 vector
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≔x1
j

0 defining the 1st 0 vector

≔h1
k

0 defining the 2nd 0 vector

Next pack the vectors together using stack:

≔x2 stack (( ,x1 x))
≔h2 stack (( ,h1 h))

Note:
Prime/Mathcad uses radix-2 FFT, so the vector has to be in a length of power 2.
We can add zeros to make the length 16 (2^4).

However Prime has a function cFFT that computes the FFT of complex data.
We can use this function also to compute real data of any length.

So we use the cFFT function to compute the FFT of both vectors.
Hint: when time is a issue/criteria use FFT rather than cFFT because FFT is faster.

≔X2 cfft ((x2)) Take the fft of both of them.
≔H2 cfft ((h2))

≔Y
→――
⋅X2 H2

≔y icfft ((Y)) inverse cfft

Continued next page where vectors elements are shown.

So the cfft and icfft is used when the length of the data is not to the power of 2.
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The vectors Y and y shown below

=Y

1.19
−−0.06 0.99j
+−0.53 0.06j
+0.02 0.11j
+−0.09 0.02j
+0.03 0.09j
−0.02 0.01j

0
+−0.03 0.01j
+0.02 0.03j

0
+0.02 0.02j
−0.02 0.02j

0
0

+0.02 0.02j
−0.02 0.02j

0
−0.02 0.03j
−−0.03 0.01j

0
+0.02 0.01j
−0.03 0.09j
−−0.09 0.02j
−0.02 0.11j
−−0.53 0.06j
+−0.06 0.99j

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥⎦

=y

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0.19
0.38
0.58
0.77
0.77
0.77
0.77
0.77
0.58
0.38
0.19
0

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥⎦

number of elements: -8 to 18
-8 - 0 + 0 - 18
= 27 positions in the range
N = 27-1 = 26

=length ((Y)) 4 Incorrect! =length ((y)) 4 Incorrect!
We had applied the transform and inverse transform, we need to define the new index next:
clear ((n))

≔length_y 26 set manually from -8 to 18 is 26, because length(y) returned 4.

≔n ‥−8 18 set manually because the length(y) returns 4 which is NOT correct.

≔M ‾‾‾‾‾‾‾length_y To scale the amplitude
=M 5.09902

Page 22 of 26



Signals and Systems Using Mathcad (Tutorial) by Derose and Veronis.
Chapter 5 Introduction to Fast Fourier Transforms (FFT and IFFT). Including Prime CFFT and ICFFT.
Entered by: Karl S Bogha Dhaliwal - Grad Cert Power Systems Protection and Relaying Uni of Idaho. USA.
                                                    BSE - Arkansas State U 1990. BSc - USAO Oklahoma 1986.

Plots of Y and y

-0.2

0

0.2

0.4

0.6

0.8

1

-0.6

-0.4

1.2

-5 -2.5 0 2.5 5 7.5 10 12.5 15 17.5-10 -7.5 20

18−8

n

n

Re⎛
⎝
y

n
⎞
⎠

Re⎛
⎝
Y

n
⎞
⎠

Plot of y multiplied by M, except for the range values the plot is the same as 
the textbook.

0.8

1.2

1.6

2

2.4

2.8

3.2

3.6

0

0.4

4

-5 -2.5 0 2.5 5 7.5 10 12.5 15 17.5-10 -7.5 20

3.95

n

⋅Re⎛
⎝
y

n
⎞
⎠

M
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Plot of y multiplied by M, except for the range values the plot is the same as the 
textbook. textbook has a range of 0 to 10 for the same plot.

This was achieved by moving n to the positive side by 7, n+7. N was in the 
beginning of the solution set at 7, N=7. This brings the first vector element to 
start at 0. Also the horizontal range was set to begin at 0.

0.45

0.9

1.35

1.8

2.25

2.7

3.15

3.6

-0.45

0

4.05

4 6 8 10 12 14 160 2 18

3.95

n

⋅Re⎛
⎝
y

+n 7
⎞
⎠

M

Textbook plot shown below.

Next page the textbook example for accessing a data file.
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EoF - End of File.
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