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Analog Equivalent Digital Low Pass II° Order
Filter

Introduction

A well known in the technical literature second order low pass active filter is here treated.

The filter is realized using a common operational amplifier in a negative multiple feedback
configuration. After a brief summary of the main results of the circuit analysis, the outputs to several
signals among the most common and from an external file (Signal List.xmcd), are produced. This
results are compared with the one obtained by the many algorithms implemented applying the z-
transform to the output function. Since MATHCAD student edition is devoid of some functions, the
program BCSA (Fourier series and signal bandwidth) was written to fill this gap. Four other
programs (CANONIC2LP, SYNDIVC, BILINEAR, SYNDIVBL) corresponding to four different
algorithms to calculate the filter sequential response, were realized and written in a new worksheet
with the purpose to reuse them elsewhere and, last but not the least, to save worksheet's space as
well Thus one will see that, as the analog filter is effective, just is the digital one. The step to the
practical application, using a DSP, should be very simple.

When saving or printing, disable Automatic Calculation (Mathcad 14 s. e.)

The subscript "gd” is the acronym of "Global Data.xmcd"

The subscript "fs” is the acronym of "Fourier series.xmcd”

The subscript "si” is the acronym of "Signal List.xmcd"

The subscript "dp" is the acronym of "Dirac Pulse - formulae.xmcd”
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Definitions and necessary constants

Scroll the slider, to change the filter's voltage gain

i T R R R

1 Voltage gain:  Ag = -10

Scroll the slider, to change the filter's pole Q factor

A |:J;-.|:-':;:1.'g LT LEE]

£0.1 Pole Q factor: Qg =54 ,

For Qs>1 the frequency response of the active filter presents a resonance peak or an overshoot, while for
Q<1 itis a flat one.

Scroll the slider, to change the filter's bandwidth

ka =
Bw := k-0.10-MHz Bandwidth: Bw = 47.1-MHz,
[#] Calculation of f5
Step amplitude: Vpp = B\
Pole frequency: fg = 30.498-MHz




Period: Tg:= l , Tg= 32.789-ns

fs
Grad
Pole Angular frequency: wg = 2-7-f,  wg = 0.192. sr:cs ,
Filter's bandwidth: Bw = 47.1-MHz
time constant: = —1— . T=5.218:n5
Y5
damping factor: ¢ = ——~wi (=0 018-Grads wg = 2-¢-Q
" T 2Q5° ' sec 5 5

If Q5= 05 = (= ws,
Defined in "global data.xmcd": dB3gd = 20-log(\/§); angular frequency units.

Chosen test signal period, to verify the filtering action of the system, it has been selected a test signal
frequency outside the passband.

Tiest = -%-T5 i.e. a sub multiple of the 0 dB Voltage gain period.
T’test = 16.394-ns

Then the signal frequency fiogt = —_|—_-1—— , ftest= 0.061-GHz]£ : Bw =0.047-GHz . wiegt = 2-m-fast

fest

w.
test s

Gy is higher than the cutoff angular frequency of the filter ,
sec we

As a result, the waveform at the filter output should be strongly attenuated.

Ldtest = 0.383-

Amplifier Gain: Ag = 10 , Agqg = 20-log( |As|)
Agqg = 20-dB




5.1
II° Order Analog LOW PASS Digital Filter

The analog active filter chosen is the foilowing (the power supply circuit isn't visib!e)Z

[¥] Network Analysis
Network Analysis:
node admittance matrix:
(1 1
Ay s 0 0
R1 R1
__i. _1__ _1.__. 4 ...1_ 4 Glig _....._1_ _l
R1 R1 R2 R3 R2 R3
A7 e 1 (5.1.1)
0 adl 2 ome —gos
R2 R2
0 ~l -C2-s — +C2-s
R3

L. T. L. System Analysis.




[¥] Network analysis by inspection

The general transfer function is expressed by the formula:

y ~Y1(s)-Y3(s)
Y5(s)-(Y1(s) + Y2(s) + Y3(s) + Y4(s)) +Y3(s)-Y4(s)

W(s) (5.1.11)

Open loop voltage gain calculation.

The filter is composed by an ideal op amp in inverting configuration and a further feedback network as here
below depicted:

fig.:5.1.5

In terms of a feedback system, a new function could be defined for the direct branch of a new system but
with the same t. f. :
Y1(s)

Bl = T Y4(s)'

and for the feedback branch:H(s) =

Y5(s) .(Y‘l(s) +Y2(s) + Y3(s) + Y4(s)]
Y3(s) Y1(s) ’
G
SRt Wipte® 39 G(S)-H(s)’
Y5(s)-(Y1(s) + Y2(s) + Y3(s) + Y4(s))
Y3(s)-Y4(s)

The corresponding open loop gain is{GH(s) =

Other couple of functions, but describing a new system, can be found, i.e. :
-Y1(s)-Y3(s)

(o) = T30 (Y1(8) = Y2(5) + Y3(s) + YAE))
and: H(s) = —Ijg
ity - Y3(s)-Y4(S)
Y5(s)-(YA(s) + Y2(5) + Y3(s) + YA(S))
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In fact, substituting the two last relations in the generic transfer function of a feedback system, you get:

G(s) -Y1(s)-Y3(s) e ,
= , and simplifying results:
1+G(s)-H(s) Y5(s)-(Y1(s) + Y2(s) + Y3(s) + Y4(s))-(1 + GH(s))
Wi (s) = G(s) _ -Y3(s)-Y1(s)
Ip 1+G(s)-H(s) (Y2(s) +Y3(s) + Y4(s) + Y1(s))-Y5(s) + Y3(s) Y4(s)’

that is the already known transfer function derived earlier.
But now determine the open loop gain of the given filter. Start from its circuit:

fig.:5.1.5'

The feedback network can be redrawn as follows:

& Op Amp inverting input & Op Amp non inverting input

fig.:5.18




Let shift the bridged T along the loop, the network assumes the following form, although the topology of
the network is unchanged:

fig.:5.1.7

Now apply the known procedure to determine the open loop gain, namely: remove the effect of the input
generator (Vi=0= input shorted), choose a cut on the loop and apply an independent voltage test source Vy

the right side of the cut . It has been chosen the following cut:




fig.:5.1.8
The voltage generator V1 has been placed at the input of the op amp, here represented with its equivalent
circuit:

fig.:5.1.9




To simplify the circuit analysis, it has been placed: Rig==Q, r,=0Q. The equivalent circuit now is:

fig.5.1.10

[¥] Computation of V2 by inspection
v = V2 = V3 4+ V12

YT=(Y1+Y2) || [Y4+(Y5 ] Y3)]

IT = % = VA.YT = VA-[(Y1 +Y2) || [Y4 + (Y5 || Y3)]]
IT=14+15
14 = L M
Y4 +Y5 || Y3
_ ¥siva
Y5 || Y3+ Y4

153 _ _ Y5[|Y3 1T
Y3 Y5|Y3+Y4 Y3

vige T 2 VALY1+Y2) || [Y4+ (Y5 || Y3)
Y1 +Y2 Y14 ¥2

V3= 273183 =

Y5 Ys IT IT
+

vp=V3+V12 = 0N
Y5 Y3+Y4 Y3 Y1+Y2

L Bl L L 8 e
o (YS 1Y3+Y4 Y3 Y1 +Y2) [V1-1(Y1+Y2) || [Y4 + (Y5 || Y3)II)
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VA-[(Y1 + Y2 +Y3 +Y4)-Y5 + Y3.Y4]

Vv, =
T (Y1 +Y2+Y3+Y4).Y5+Y3-(Y1+Y2+Y4)

[] Computation of V2 by inspection

The open loop gain results to be:

vy

[(Y1+Y2+Y3+Y4)Y5+Y3-Y4]-Ay

(5.1.12)

L6

(Y1 + Y2+ Y3 +Y4)-Y5 + Y3-(Y1 + Y2 + Y4)

D

Explicit calculation of the open loop voltage gain. The admittances are:

Yi(s) =
Y2(s) =
Y3(s) =

Y4(s) =

m 1

s-C1,
-FEE:I
1

R3’

Y5(s) = s-C2.

Substituting into the general form (5.1.12), gets:

[(Y1 +Y2 + Y3 +Y4)-Y5 + Y3.Y4]-A
(Y1 + Y2+ Y3 +Y4)-Y5 +Y3-(Y1 + Y2+ Y4)

1

R2

—

substitute , Y1 % ,Y2=5s-C1,Y3 =

substitute , Y4 Bl Y5 = 5.C2
R3

collect,s »Aol

C1-C2-R1 R2-R3-s° + (C2:-R1-R2 + C2-R1-R3 + C2-R2-R3)-s + R1

GHg(s) = {

2 4 [R1-(R2 + R3) +F§2-RS]‘S+ 1

C1-R1-R2-R3

(C1.C2.R2-R3)

GHg(s) = -

2 [C2-(R1-R2+R1-R3+R2-R3) + C1-R1-R3]
s” + S+

A
R1+ R3 ol

(C1-C2-R1-R2.

R3) C1.C2-R1-R2-R3

A
ol
C1-C2-R1 -F{2-R3-s2 +(C1-R1-R3+ C2:R1-:R2 + C2:R1-R3 + C2-R2-R3)-s + R1+R3 }

(5.1.13)

[#] Calculation of the Input and output resistances

Transfer function calculation

For the proposed filter, here reported:

12




fig.:5.1.18

the admittances are:

1
Y1(s) = —,
(s) R1
Y2(s) = s-C1,

Y3(s) = F:E’

1
Y4(s) = —,
(=) R3
Y5(s) = s-C2.
Substituting into the general form (5.1.11), gets:

substitute ,Y1 = — Y2 =5s-C1,Y3 = — ,Y4 = —
R1 R2

Y1.Y3 RS
Y5-(Y1+ Y2 + Y3 + Y4) + Y3.Y4 |substitute,Y5

collect,s

Wip(s) = s-C2

The resulting transfer function, then is:
R3
C1-C2-R1 R2-R3.s% + (C2-R1-R2 + C2-R1-R3 + C2-R2:R3)-s + R1

Wlp(s) =

Collecting the term: C1-C2-R1-R2-R3, the t. f. becomes:

1
5 R1-R2.C1-C2
WglBI® =374 1 % 1 (5.1.14)
S +s-——-(—+-——+—— +
c1{R1 R2 R3/) R2R3.C1.C2

In order for this transfer function takes the form of the standard low-pass active filter, below rewritten:

As-w z

W, (s) = 2 (5.1.15)
Ip 2 2

8 +2-C-8+uwe

one must place into (5.1.29):

a) o

Ag-w 22
5*% " R1.R2.C1-C2

13




b)

c)

2 1 1

wg = wg =

5 ~ R2.R3.C1-C2 v RER3CI.C2
W

2.@:.2__1.,.(1 +_1_+_1_)
Q- C1\R1 R2 R3

[¥] Calculations A5 and Q5

1
In summary, it can be written: d) wg= : (5.1.16)
Y 5" /R2-R3.C1.C2
R3
e Ag=s-—,
) A5 ;]
Q
. ‘/CZ ( JR2R3 [R3 (R }
C1
111
= — ——
e [01 (m R2 RSJ]
A further condition is obtained by observing that the relationships R1 = TE—B—' and
&
1 . : w 1 1 1 1 )
R2 = 5 can be replaced in the expression ¢) — = o\’ + — + 73 ) namely:
we"-RA-C1-C2 G CILRT R2 R
e SN LRSI
Q5 C1 R3 1 R3 |
[As|  wg2R3.C1.C2
which yields:
w Ag| +1
e C2.R3-we” - lél__ =0
Qg C1-R3
it is a quadratic equation in the unknown R3:
Ag| +1
R32 | 5| - RS _g
e g
whose roots are:
A5 = A5 Q5 = Q5 U.)5 = w5 1= 02 =102
2 2
j 4.C2.Qg2 - C1+4.C2.Q5°- |Ag|
+1
B
5 |A5| +1 R3 solve ,R3 2-C2:Qg-ws
B 2 €20 simplify,max
C1-C2-wg 595 ’ j 4.C2.Q5° - C1 +4-02-Q52'|A5l
-1
C1
2-C2-Qg-ws

hence:

14




& 7
() 2,
1+j_4c32 509Ad+1)
RS:EE?%“_“ ) (5.1.17)
el g 4600~
j 2 ED
i C1
it gives a further condition in order that R3 takes real values, namely:
2
1_ 4.C2-Qg -(|A5| + 1) »
C1
c2 _ 1 e 5
C1 " ag(ag +1)| 2240 (Al )
4~Q52{ A5|+1)=:1283x103‘
results: [C1 > 4-Qg”-(|Ag| +1)-C2 (5.1.18)

Qz=54  Ag=-10

15




Poles of the transfer function (j = y/-1):

Grads
WDen = denom(Wlp(s)) coeffs,s —> " 2= sec
Search of the poles of Wi (s): poles := polyroots(WDen)' ; WDen =5 "
Ag:=Ag s:=8§ wg = Wy Ci= G
denominator polynomial: p(s) = 32 +2-Cs+ w52
2 2
Birafls solve,s JC e el
wg = 0.192- oles := p(s T 5.1.19
5 i p p(s) S pll  E— ( )
L = J8 —ug
~0.018 + 0.191]
¢ = 0_018.(':irr=1ds poln = 1 _Grads
sec -0.018-0.191j ) sec
The pulsation ws is the geometrical mean of the magnitude of the poles:
ws = [ [polesg] - [poles1]
i = 0109, 10 /Tpoleso| - [polesq] = 0.192.5rads
sec sec

For w=ws results:

Lol 5
im  (20-log(|W(j-w)|)) = 20-Iog[|——5|—f—§J = 20-log( |As| -Q5)
W — Wy ZC
20-lo M = 34.648 20-log( |Ag| -Qg) = 34.648
ST i 9( |As|-Qs) = 34.

Hence for w=w results: ‘A5l Qg = 1 20-Iog( |A5|) = —20-Iog(Q5)

16




About Sensitivity

Sensitivity definition given the performance ‘P and the parameter X;:

5.1.1) Calculation of the circuit performance Az

The filter project could be developed even considering the desired sensitivity of the various parameters.

In this particular case, the performance is the voltage gain: P=A= :RB?
[¥] Sensitivity Calculation
B |3R1[- |AR1| " ISRs\' |AR3| _ |AR1| . |AR3|
Ag R1 R3 R1 R3
AA
o om |8 o AR A (5.1.1.1)
Ag R1 R3

17




5.1.2) Calculation of the sensitivity of the circuit performance ws

[¥] Sensitivity Calculation

SX i = — —-——? = a—--ln(T)
' alnx;
? =W = L
vR2-R3-C1.C2
S5 = 1([.&01[ , |AC2| . |AR1| i |AR2| (5.1.2.1)
2\ €1 c2 R1 R2

|ACA| g |lac2| _ "

C1 C2

|AR1|  |AR2]
Sw5_( R1 | R2

18




5.1.3) Calculation of the sensitivity of the circuit performance Q

Xi o &
S..=—2 P=2 |nP
= P o alnxi n( )

B R

[¥] Sensitivity Calculation
e o |AC1[ |AC2| N 1 AR A lR'! (R2-R3) + R2-R3] [AR2]
Q.5 2 C1 C2 [1 1) R1 R1-(R2+R3)+R2:-R3| R2
|+ Rl e
R3 R2
" 1 _ 1] AR
R3- —1—+ij+1 e
R1 R2
(5.1.3.1)
lact| _ |ac2| _ |ar1] _ |aR2] _ [AR3] _
C1 c2 R1 R2 R3
1 1 1 ‘Rz'["l%+_£§)“1
Sags= — =] + =+ +1|-rtol
Q5 E 2 1 1 1 1
R3:| — +—|+1 R1-—~+——)+1 2-\R2-———+——-)+
R1 R2 R2 R3 R1 R3
Summary
AA
Sas= |2 = 1ARI 18RS 5 (5.1.3.2)
By 5 = 1 |Act] IACZI + ART] - IARZI) = 2-rto 5:.1,3.3)
< 2\ ¢l G2 R1 R2
1 1 1 ‘Rz (%JF—F:_S]
Sas= ey o W + S +1|rto|  (5.1.3.4)
R3-——+——)+1 R‘I-——+——)+1 2:|R2| —+— | +1
R1 R2 R2 R3 R1 R3
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Example (5.1.3.1-1)
are given: rtol:= 5.0%,
R1 := 0.047-kQ", or R1:= 120-Q
G4 =1.70-nF;

from the definition of Ag is: R3 := -Ag-R1,
1

from the definition of damping factor, is derived:R2 := ; A
2.C1(-| — +—
[R1 R3)
therefore, in order that R2>0, must be: C1 > -1—(—1— + l) —1—-(-—1~« + -1—) == 0-258-n|=l
’ ’ 2.¢\R1 R3)’ 2-C\R1 R3

namely: R2 = 19.546-Q2.
1

From the definition of wg , is derived: C2 =

C1-R2-R3-wg”
C2 = 0.683-pF,
w W
2 54 9 gy M
2-C 2-Qg sec
R1 = 0.12:kQ 4.Q5%(|Ag| +1)-C2 = 0.876:nF
R2 = 19.546Q C1=17-nF
R3 = 1.2k
| R3
Voltage gain: —— =-10
2hid R1
Pole Q factor: L =54

Cz(JR2R3 [R3 [R2
C1 R1 R2 R3
Geometric mean of the poles and the resulting frequency:

Grads fpe 0.192. Grads
sec

L - 0.192
VR2-R3.C1.C2 sec

The previous findings (R1, R2, R3), after a slight modification of one or more of them, may be used as a
guess for a new solution (not always found, also after many attempts ) of the system, as follows:

(5.1.3.5)
e = :
5~ /R2R3.C1C2
_ R3
e

1
Q5=
ez = )
C1 R1 R2 R3
20




11 1 1 1
C:... P (e e
2[01 (m R2

R1 > 0.0-Q
R2 > 0.0-©2

R3 > 0.0-
[Rx := Find(R1,R2,R3)

)

120
Rx=| 19.546 |.0 C1=17nF
1.2x10° C2-6.83x10 *.nF
R3 L C2 A = ~10
~ o 0_192_Grads
Vo sec
Vi
' 24 = QBas— T
sec
T e ey é
fig:5.1.19
Sensitivity for this example
AAg
Sp= e Sp 5 = (rtol + rtol) rtol = 5-% (5.1.3.6)
5
_ [Awg 1
5,6 S, 5= = (rtol + rtol + rtol + rtol) (5.1.3.7)
!wsl 2
PRt 1 e A
Sqs5 = 1 y = + ” 1 : - +1|-rtol
R3-(———+—]+1 R1-(——+—)+1 2-‘R2-(—+——)+
R1 R2 R2 R3 R1 R3
results: Sp 5= 10-% S,5=10-% Sq.5 = 9.862-% (5.1.3.8)
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5.1.4 NYQUIST DIAGRAM
Op Amp open loop voltage gain: A := 10°

After the following substitution:

[ ]
substitute, Y1 = _L Y2=s5.C1,Y3= _1_
(Y1+Y2+Y3+Y4)-Y5+Y3-Y4-Ay R1 R2

GHi(s) := 1 B
(Y1 +Y2+Y3+ Y4) Y5 + Y3(Y1 + Y2+ Y4) substitute,Y4 = I ,Y5 =s.C2
results the already found relation (5.1.13), her rewritten:
2 [R1(R2+R3) +R2RY _ 1
ey C1-R1-R2-R3 (C1-C2-R2.R3) e
5% 7" 2 [C2[R1(R2+R3) +R2R3 +C1-RIRY _  RI+R3 of L=t
(C1-C2-R1-R2.R3) C1.C2-R1-R2-R3
Place:
~ 1 [R1-(R2 + R3) + R2-R3]
v/R2-R3.C1-C2 C1-R1-R2:R3
o RI(R2+RY+R2R3 1 _
2 C1-R1-R2-R3 c2R2 1" R2C2
1
wg = J L “2= 1" RaC2
R
i = 0y 2 g = D,085. 220
sec sec
2.
wy = 74.946.20298 . _gese. S0 2 0.404-(6"3‘15}
sec sec sec

32 +wq-S+ w52

so that one can write: |GHg(s) := A (5.1.4.2)
D 2 2 O

8+ wz-S + W

bk

2
2.10%-wp — ——
Wy Wi [ 101) 2 o _3 Grads
L210%w,  — =3.549x 10"

10" 10 10 10" sec

22




Magnitude of the Open Loop Gain GHS
| ‘ oy

d—
/

100(

; 90
20-Iog(|GH5(]-w)l)
M i
%0 14
1x108 1x108 1x101° 1x10"2 1x10
w
fig.:5.1.4.1
Phase of the Open Loop Gain GHS
| i UJ2
: ‘ 7
CGH5(i-w)) \\\ __ , o
ag) —s— | |
Aol 7 \\__ i,
-2 g \i__ - >
. | | |
1x10 1x10° 1x108 1«10 1x10"?  1x10™
w
fig.:5.1.4.2
. ; 2t e2d0fon
w:=-2-10 -wz,—2-10 -w2+ .2-10 -U.Jz
10°
To let see the inner loop of the Nyquist diagram it has been defined the following new interval:
o 4 4107wy 4410 Yy i
Wy 1= -4-10 -w2,—4-10 "wo + E 410wy
10
The Nyquist diagram of the normalized open loop gain is composed by two circles, both tangent to the
Origin:
Nyquist Diagram Nyquist Diagram
T el 01 "posz™ b
0.05- 0.046]
GHx (j-w) GHs(j-w
T Bl ol - 5 X)] ok 8
Aol Aol
~0.05- —10.046
-0.5r = - 0.5
i 1 _01 | | |
~1 — 05 0 ~0.1-005 O 005
GHg(j-w) GHg(j-w
e o Re __5(_.)(_)]
Aol Aol
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fig.:5.1.4.3
Desensitization:
[[YS-(Y1 +Y2+Y3+Y4)+ Y3-Y4]-(1 — Aoi) +¥Y3-(Y1+ Y2):1 .
[(Y1+Y2+Y3+Y4)Y5+Y3-(Y1+Y2+Y4)] (

1 _ [(Y1+Y2+Y3+Y4)-Y5+Y3-(Y1+Y2+Y4)] (5.1.4.4)
D(s) [[YS-(Y1+Y2 +Y3+Y4)-+Y3-Y4]-(‘I—A0|)+Y3-(Y1+Y2)] o

1.4.3)

D(s) = 1+ GHg(s) =

(Y1 +Y2+Y3+Y4)-Y5+Y3-(Y1+Y2+Y4)

W(s)= lim AA8
A i :
of = % [Y5.(Y1+ Y2+ Y3+ Y4) + Y3-Y4]-[ 0'] Mcabhakaie)
Aol Aol
Wie) = YT+Y2+ Y3+ Y4) Y5+ Y3.(Y1 + Y2 +Y4)

Y5-(Y1+Y2+Y3+Y4)+Y3:-Y4
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5.1.5 Nichols chart

From the analysis of a generic L.T.I. system with negative feedback, can be drawn some conclusion
summarized here below:

NEGATIVE FEEDBACK SYSTEM

¥
fig.:5.1.6.1
System transfer function with negative feedback:
G e 5.1.5.1
1+ G(s)-H(s)
System's parameters variation: desensitization.
Ratio of the relative gain variations with and without feedback:
AG(s)
Gs(s
e \__1 5.1.5.2
AG(s) D(s)
G(s)
Low frequency voltage gain in dB: Wi, = 20-109( !A5|) Wipp = 20

32 + w1 S + U.J52
Open loop gain(GHg(s) = G(s)-H(s) = = 2-A0|):
s + wz'S + h.)3

82 + W1 ‘S + w52
GH5(s) == — ~Aql 5.1.5.3
s <+ wz-S + UJ3

In the following Nichols chart, the magnitude in dB of the open loop gain is in purple red depicted.
The red scarlet line refers to the Magnitude in dB of the open loop gain = 0dB. The yellow arc is

related to ¢=i% .
(w) = arg(G(j-w)-H(j-w)) anehs(w) = arg(G(j-w)-H(j-w) 5.1.5.4

Scroll The Slider to Zoom In or Out The Nichols Chart
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Nichol's chart lower left corer: Mnch5 = 1-9

Nichol's chart lower right corner: nj,.p, := 0.0

Nichol's chart upper left corner. ppop = MNPy 10 Pnch = 100
" o 1 1, 2™ Mnchs
%nch5 =~ Mpchs -1, Mpghs -1+ T =« Mpeh5 %

The values of the gain margin and the phase margin can be deduced observing the graph. Therefore
have a measure of the degree of stability of the system with feedback.

0 . .
wx=410"wy  GHit:=20log[ |GHs[-(~w_x)]| ] GHeng = 20log[ | GH5[i-(w_¥)]| |
wq = 0.035: fafcs W= W _X,—w_X+ L XFWX w_X
a0 10°-2
Grads Grads
w = 0.383- wo = 74.946- Qz =54
test 560 4 Set 5
Nichols Chart =+ +a| GH(jW)|dB vs arg(GH{wW))
- +—+—+ $=0.01
+o¢ M dB=-05
50 ‘ BE8 =2
oo® 1 dB=-2
% R ¢|=-3
Z ddek B dB=-6
g 0 ==t p=-0.01
=) — N dB=-12
! ftere b=
-50 ; sk W dB=0.5
dik M dB=0.5
it (h=3
00 ; 4+ M dB=2.0
~4 -2 0 o+ M dB=2.0
arg{(GH(jw)) in radians
fig. 5182
The gain margin is defined as Img = —-——1——— and is calculated at the frequency w, where
|GHs (-]

arg(GH(j.wx)) = —mor . (For amplifiers it should be gmg > 4)

The phase margin, on the other hand, is defined asphp, = 7™ — |arg GHglj-w calculated at the
mg 2

b/
, L 1T
frequency w, where [GH(jewy)| = 1. (For amplifiers it should be phmg = =)
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5.1.6 Four particular cases of the transfer function .
1a) R1=R2=R3=R,and C1=C2=C,
2a) R2=R3=R,and C1=C2=C,
3a) R1=R2=R,and C1=C2 = C,
4a) R1=R2=R3=R,

1a) R1=R2=R3=R, and C1=C2=C
1

Substituting in the transfer function, W(s) = Al b ,
P 2 1t {1 1 1 ] 1
sC+s— | — +—+— |+
C1\R1 R2 R3 R2.R3-C1-C2
B 1
2 .2
R*.C
it b : W = 151
it becomes Ip(s) 3 - (5.1.6.1)
s +s- s
C-R RZ.C
_1+ﬁ—4-d 2 (|Ag| +1)
2 1 1 8 5
R®-C 55 | 1- [1-4.05%(|Ag| +1)
condition in order that R takes real values A5| =
1 1 1
—— = 0.354 Qe <
2+/2 55 2 [Ag +1 22
In summary, it can be written: a) wg= : = L = L (5.1.6.3)
' ' 5~ JRemacic2 JRRCC RC’ S
R3
b Ag= —= -1, 5.1.6.4
) As= (
1
e) Qg= = —, (5.1.6.5
5 (\/RZ ‘R3 f 3 )
c1
d) c=1- N el ) (5.1.6.6)
2161 \Ri R2 R3 2 RC o
w
e) =1 (5.1.6.
¢ 3
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2a) R2=R3=R, and C1=C2=C

1

i 2

1 R1-R-C
_ 1 we(s) = (5.1.6.8)
R1.R-C-C Ip(s) 1

2 1 (1 2)
S 48— | —+— |+ 5 -
c\R1 R} R2¢

A5w52 = _

2
1+ 1—4Q5 : A5 +1
R = _2_(_:,&___. (1As] 1) (5.1.6.9)
55 1—\F—4-Q5 -(|A5| +1)
Condition in order that R3 takes real values:
1z 4-Q52-(]A5] r 1)] (5.1.6.10)
Qg < . T 1 g
2- [TAg] +1 2-/‘A5|+1
1 1 1
In summary, it can be written: a wg = = - , (5.1.6.11)
& ) 5% JRoRscic2 JRRCC RC
R3 R
b) Ag= — = —, 5.1.6.12
) R8T Ry T TR ( )
1
c Q@ = !
ks c2 (\/RZRS { . [R2 j ( ) 2-Ag
that holds for Qg < E or Ag < 2. (6.1.6.13)
11 1 4 3
d = — === || —, 5.1.6.14
) =3 [01 (m "R2 " RSH 2.RC ( )
w
e) PR . (5.1.6.15)

2¢ 3 2-Ag
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3a) R1=R2=R, and C1=C2=C

0 1
2 2
R™.C
Win(s) = ( : ) 1 (5.1.6.16)
€ bl = de e
C iR R3 R.R3.C
2
1 1+\/1—4-Q5 -(|A5|+1)
R3 = EE—E—— (5.1.6.17)
55 | 1~ [1-4.5°(|Ag| +1)
condition in order that R3 takes real values
As=-10  Qg<——t—=  —mt—— =015
2-/[A5i+1 2-/]A51+1
In summary, it can be written:
1 1
a) wg*= = ) 5.1.6.18
" JRRICC C4RR3 ( )
pur. RO e e bl (5.1.6.19)
5% "RR3.CC) g2c2 18.
b) Ag= ] (5.1.6.20
R
C) Q5 1 — -

5%
w5 1
e) = :
24 R R3
e i B fel e
R3 R
. | R3 _ R3 _
from b) it follows: == ~As Ag <0 - |A5|
Qg = .

R )

(65.1.6.2
(56.1.6.22)

{6.1.6.23)

(5.1.6.24)




condition in order that R3 takes real values 1 1
Qg € —— 0< Qg < (5.1.6.28)
> 2 [JAg[ +1 e
1
—-————03536 _ e = 0.151
2+/2 2. [As] +1
4a) R1=R2=R3=R
B 1
2
R™-C1-C2 5.1.6.26
Wip(s) = : ( )
B S e
CIR’ R G102
4.C2-Qz>(|Ag| +1
AR
R3=R = 5_031—— (5.16.27)
-C2-Qg-wsg j1 4-02~Q52-( !A5| + 1)
1- [1-
i C1

condition in order that R3 takes real values:
C1 1 C1
ik Q5° (|As| +1) G5 =3 / Cc2-(|Ag| +1) B 180

1

In summary, it can be written: a) wg = (5.1.6.29)
vR2-R3-C1- CZ R\/C1 c2
b) A5=—%?—-—1 (5.1.6.
C1
G Q — (5.1.6.31
v EEEE 7
C1
205 I 3.[C2
£ n W5 _ RyCTC2 _ I (5.1.6.‘32)
2-Qg 0. 1 2-R+/C1:C2 2-R-C1
c2 .
C1
condition in order that R3 takes real values Qg < 1\/C2(]i1| 1) (5.1.6.33)
5 -+
i3 KN § % L2 qeem
2 [ C2:(|As| +1) 3yC2
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5.1.7 Pulse response.
General case: R1#£R2#R3, C1+4C2

Known values:

Voltage gain:  Ag =-10 Pole Q factor: Qg =54 ,

Grads
sec

Grads
sec

Pole pulsation: wg = 0.192.

damping factor: ¢ = 0.018-

Graph of the pulse response:

Asws
Transfer function: Wlp(S) = 13 5 if ¢ # wg
s +2-(-s+ws

" 2
A5-—_~—§—~—2 otherwise

(s +ws)

Ag=A5 si=8 a=a wg:r=UWs o

Calculation of the pulse response as the inverse Laplace transform of the t. f..

A5'°"52 inviaplace,s,t

w(t) = rewrite ,exp —
s +2-C-8+wsp

simplify , max

Dirac pulse response chosen:

Pulse response: w(t) ;= A5-w52-t-sinc(t-\/ w52 - Qz) e q't-@(t)l

Search of the minimum:

(—w
2-atan 2 =

2
d _ i wg —Q
~w(t) = Ofort= tx2 = -
ot /w52 il

% otherwise

if C;ﬁ(..l.)s

tx2 = 7.747-ns

Grads
sec

Minimum: w(ix2) = —-1.67-

Initial value theorem: lim f(t) = lim (s-F(s)),
t— 0 S >
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Final value theorem: lim f(t) = lim (s-F(s))
t > s—>0

A5:=A5 8§ =8 a:=a w5:=w5

L=k
2
Ac-w 2
im  |s— - ~| -0 wse -2 = 0.036-(6""“0‘3)
$§ > s +2'C_.'S+LU5 sec
Ag:=A5 si=8 a=a wgi=Wg
L=g
A5-w52
im |s- - > -0
5—>0 Dls
P tx2 = 7.747-ns
20-T5+1-Tiagt
t=-1T ,—1-T + . 20T
W test test 10000 53
[*] Right Lower Corner Graph Control
Graph of the impulse response.
I T T
4&
w(tx2)
-7
310

fig.'5.1.7.1

5.1.8 BODE PLOTS (Low Pass lI° order):

For time harmonic signal place: s=jw and call the magnitude in dB of the frequency response as
follows:
WipdB (w) := 20-Iog(|W|p(j-w)|) WIde(w5) = 34.648

now proceed to its computing:
Ag:=Ap s:i=s a=a wg:=uws C=( W=w

A5"‘J52 substitute ,s = j-w
Wlp (W) = simplify ,max O
= 2

8 +2-(-8+ W5

collect,,w
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Wlp_(w) =

]
w? - w52 +2j-Cw

2

’ : 51.8.1
2 2 4 S mE A b M ( )
4.Cw+w -2-wwy +wg

Considering the poles, the transfer function can be rewritten as:

Wlp_(w) =

Hence the magnitude of the frequency response in dB is:

Ag=-|As| WipdB(w) = 20-log| |As| w5 "

The phase response is:

pg(w) =T - atan{

Ag-ws’
[j'w—(m_gﬂ.(j_wum (5.1.8.2)
‘/(_wz b “’52)2 (20w (5.1.8.3)
w4+°"54+‘*’2'(4{2—2-w52) 1.8
- (5.1.8.4)

~(m-cﬂ““”[(@+m}

If Q5>0.5 the frequency response presents a overshoot at:

and the pick amplitude is

WipdB

Bandwidth calculation.

The bandwidth is given by the frequency at which the magnitude of the transfer function is

namely:

pick =

Wpick = /w52-2-Q2 if C# wgAwg >\/§-§

wg otherwise

Grads

= 0.19-
k sec

“pic

20-log

if (=wgAwg>y2¢ (5.1.85)

20-log(|As|) otherwise

pick amplitude Wldepick = 34.685

[Ag| w5

A
i P

V2

\/(—wz + w52)2 + (—2-Q-w)2 _ IAS'
w4+w54+w2-(4{2—2-w52) V2

[»] bandwidth calculation
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2 2 2 {2 2 4
\[w —2.C+2- 2. CH\C —wg |+ W
Bandwidth: Bve o Vz ( 3 j 2 | (5.1.8.6)
-t

Knowing the bandwidth one can determine wg vs. Qg and Bw: Bw = 47.1-MHz
|
2 2 2 2
(Bw-2-7) »L[AE-Q -(2-Q B} 1) # =D 1J
wg = 0192508 g 52 - (5.1.8.7)
sec
2-Qg
if Q5=0.5, it results. wg = 2-m-Bw//2 + 1

Knowing Qs and ws, one can obtain Bw:

2-we-Q
Biy = Y2 u5Qs (5.1.8.8)
2-1T-J:/4-Q52-(2-Q52 e 1) +1 —2-Q52 + 1
Numerical result:
V2-we-Q
f5 = 30.498-MHz 59 _ 47 1.MHz

2-w-JJ4.Q52-(2-Q52 1) +1-2.05% +1

Bw = 47.1-MHz
2 2 2 2 2 4
Jw -2-w +\/_2_-/2-w -(w -w )+w w
If Z=ws results: Bw = $ : > 2 > = 5 2 e~
-TT T

J2-1=0.644
For w=Bw, the voltage gain in dB takes the valu¢WipdB(2-7-Bw) = 16.99-dB W|pp - dBSQd = 16.99

Grads e = 0.192. Grads
sec sec

Low frequency voltage gain:W,pp = 20-dB ¢ =0.018- Qs =54

The angular frequency for which WlpdB(w)=0dB is:

W54RO —JJ4Q -ﬁw5 (!;‘3\5|)2-—2.g‘2+uJ52|

Grads
sec

wsygg = 0.635- WipdB(wsqp) = O

If ¢ = wg, the corresponding angular frequency for which WipdB(w)=0dB iwgygq = w5 /|A5[ 1"

Grads e 0_192.Grads i 0635 Grads

Sec sec sec

15

¢ =0.018- WipdB(wsggo) = 1.929x 10
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System modes.
]

2
Ar-w
Knowing the transfer function: W|p(s) = 579 5 one can know which the system
§? +2:C-s+wg modes.
[»] Modes calculation -
modes = "Pseudoperiodics” Q5 =54 (5.1.8.9)
Bode Plots
A5-w52
W1 h(s) = z if ¢+ wg (5.1.8.10)
s  +2:(-S+wg
Ag-w
e otherwise
(S =+ LOS)
poles’ = (~0.018+ 0.191j —0.018-0.191j)- Grads
sec
|polesg| = 0192 2Ed8
sec
J/Tpotesq] -Jpoles] = 0.192- 21298 )0 — 0.192. i
sec sec
g
40-wg — ——
wg  Wp 5~ 1000
() ’ + .. 40-wg
%1000 1000 1000
WipdB(ws) = 34.648 Wipp = 20-dB
Pick amplitude of the frequency response if Qs>0.Erpeak := 20-log X
[¥] Plots Control
Q5 =54
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Magnitude in dB

40 L =TT
ZOJOQHVWpG-w”)
Wipp g =

msemomam

0 Wl s

0 e o ekt o i o e R i T

1x10° 1107
W
Bw = 47.1-MHz fig.:5.1.8.1
Magnitude in dB
401 ' 2-m Bw W54dB0 : =
301 —
20105(|WipG]) _
Wip Wipp-dB3gq
g 10r -
(0] O
1
1107 1x108 1x101°
W
fig.:5.1.8.1'
pick amplitude WIdepiCk = 34.685 Wlpp =20
Grads Grads
Wi = 0.19 we = 0.192-
pICk sec S sec
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Magnitude in dB

40f Wpick W54B0
| S WipdBic
301 3
20-log(| Wiy (j-w)
(i) |
Wipp-dB3gg
"""" 10+ g
0r | 6y
1x107 1x108 1x10° 1x101°
W
fig.:5.1.8.1"
Grads Grads Mrads
e ~ 0.192- _ Wil = 1,65
“pick sec e sec ~5 ™ Wpick sec
Ag-ws
Wlpp*z'd83gd = rpeak = 20-log
Wipp — 2-dB3gq = 13.979
rpeak = 34.648
Ac-w
20-log ‘ ol J — 34.648
2-
Magnitude in dB
401 ’ wg W54BO | }
| , - WipdByick
s0f -
20-log( |Wip(j-w)
(IWpt-l)_ ]
Wipp-dB3gg
i = 10F :
O ' 62
1x10" 1x108 1x10° 1x1010
w
fig.:5.1.8.1"
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Phase in radians

T TTTT] 1 I 1] I
o . B A
| i
S = T I
S FH e
il 2
1 S e | |
P il |
0 LI | |
1x10° 1x107 1x10° 110"
w
fig.:5.1.8.2

Knowing the poles of the transfer function, it is immediate to see the system stability:

[¥] Stability Type

stability = " System Exponentially Stable"
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5.2
ANALOG FILTER OUTPUT ANALYSIS

For a signal definition refer to the file "Signal List.xmecd"

Chosen period of the test signal, Tiegt= 0.016-ps. At the corresponding frequency, the voltage gain of
the filter is 20-!09( |Wlp(j‘“’test)|) = 10.392-dB. As seen the pulse response waveform is:

Waveform of the impulse response w(t)
txz T | I

1x10%F ﬂ A

2x10

Output
o
]

w(bx2)
~2¢10%- ' ' '
0 1x107 7 2:10~ 3<10™ '
fig..5.2.1
WD) = BT
sec
5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.1 Voltage step response - Analytical solution
Step Funetion
T 1 W
P vop
4+ 4
Vpp @)
RS 2 — =
0 I 1 I 5
0 x1078  2¢107% 3«07
t
fig.:5.2.1.1

A5 = AS U.J5 = w5
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Vpp = Vpp Vpp = 2V

The evaluation is disabled because the result exceeds the page margins.

2 invlaplace,s
S

simplify ,max iy
—t

ysr(t) =

2
2-Cs
B Hal e g collect,A5-Vpp,e

Step response:
define the function:

- 2 2
gsr(t»AS’Cst) = cosh(t— /Q - wg )+ = e 6 -1},

2
¢ —wg

the output waveform is: [yg(t) == Ag-Vpy- gsr(t As,C ) () if (= wg (5.2.1.1)

i ;
1-e -(t~w5 + 1) .®(t) otherwise

Calculation of the initial and final values of the output:

Initial value theorem: Iim f(f) = Ilim (s-F(s)),
t—0 s > o
Final value theorem: lim f(t) = lim (s-F(s))
t—> s—>0
Output's Initial value:
Input signal: V;(s) = pp (5.2.1.2)
lim (s.vo(s)) = lim (s~W(s)-Vi(s)) = Vpp lim  (W(s))
§ > 0 S — 00 S —
Ag=Ag Ss:i=S a:=a wg:=Ws U=
2
V li A5 % = 0-volt
pp- lim = 0-vo

s—+o0| 8 +2-(8+uws
Output's final value:

Y
Input signal: V;(s) = PR
s
lim (s-Vo(s)) = lim (s-W(s)-Vi(s)) = Vpp- lim (W(s))
s—>0 s—>0 s—>0
A=A S:=8 am=a Ww5:=uWws =L
. Agws’ .
Vpp' lim 3 —5 A5‘Vpp if wg=0

s—>0 32+2-§-s+w5 _ _
undefined otherwise
[¥]— Graph's controls
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PP

dB

p(w)

II° order Low Pass Filter Step Response

= A7t G TR
sec sec
Vo, =5x10°mV  fg=30498MHz Qg =54
Bode plots
Frequency Response
40 TR I
| _.i./ | ‘
20 . o ‘ W |p_p—df3:s.:d
| e
N | |
NG L
- 20 e - | ‘
1x10” 1x10% 1x10° 1x101°
w
fig..5.2.1.3
Phase Response
! wg Wiegt !
3 e R 2
2
1
1 A | _
q L i ! ‘ ‘ ‘
1x10° 1x107 1x108 1x10° 1x1010
W
fig.:5.2.1.4




At the chosen test frequency, the voltage gain assumes the following value:

Ac-w
—E———S ] = 34.648-dB
2L

20-log( |Wy,(i-wiest)| ) = 10-392-dB 20-%09(

|As5| -ws4B0

while for w=wsgpg the voltage gain is 0dB, being: = 178.944

20-|og( IW[p(j -deBo)l) = 0-dB

Grads
sec

Angular frequency for 0 dB Voltage gain: wgqgg = 0.635-

Sampling of the step response

-Signal frequency:  figgt = 60.997-MHz,
arbitrary sampling frequency: fsstp = 10-fast fsstp = 609.968-MHz (5.2.1.3)

. ) Grads
sampling angular frequency: Wsmp = 2'"'fsstp- Wsmp = 3.833- e
sampling period:  Tggtp = e . Tggtp = 1.639-ns,
fsstp
generic pulse delay time: 75 = 0.4-Tiogt
sampling time step: nstpg == o ) NO = 256 (5.2.1.4)
sstp
L fg =128 . (5.2.1.5)
fsstp
sampling time step:
nstp' = 0 1 2 3 4 5 6 us
0 0| 1.639:103| 3.279:103| 4.918:103| 6.558-103| 8.197-103
Ygrl nstpk
NO = 256 ySTy = _SL—_-)- (5.2.1.6)
volt
Tg = 0.033-us T=5218x10 -ps
Sampled Step Response

Ul

)

2x10° 3x10~
nstpk o1

fig.5.2.1.5
42




¢ = 1774 MBS g BB
sec sec
Samples:
ysr = 0 1 2 3 4 5
0 0 -2.4 -9.192 -19.48| -32.089
sampling time step:
nstp' = 0 : 2 3 4 us
0 0| 1.639'10-3| 3.279'103| 4.918-103
Fourier Transform of the test signal
f
fiogt = 0.061:GHz =22 _ 10 L YT
ftest fsstp Ttest
Fourier Transform: Fyg, := fft(ysr) (5.2.1.7)
L 0 o 2 & 4
Fygr = ;
0 -796.601 3.421-0.761j 3.491-1.549 3.615-2.392j
Magnitude spectrum Phase spectrum
f >V 4 T T T
8005 {max({ |F l f5
max( [FVFHI] i |
600+ . 5L ]
[ oo - ofFra) 7] _
L 3
2001 - 0
() b I I | o 1 L !
0 1x10% 2¢10® 3x10® 0 1x10® 2x10% 3x10°
f ' f
k- sstp " ssip
NO NO
fig..52.1.6 fig.:5.2.1.7
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5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.2 Short Voltage Pulse response

Description of the waveform's parameters:
V

Definition: V4(t.5Tpw»Vin) = Vinreet! (.75, 7pw) + Vin = _Vp" (5.2.2.1)

VA(t,T5, Tow: Vin )=V4(time, Rising Edge , Pulse Width, Dimensionless Amplitude).

. g e - ~
Pulse amplitude: Vpp =5x10"-mV  Pulse width: Tow = T5-20 Tow = 655.772-ns
Pulse displacement from the origin: &g := 0.8, T pr-(1 - Esl) + £ Tpw (5.2.2.2)
Time delay from the origin: T5,:= —pr-(1 - 53!) . risingedge = 75, width = .

Generic pulse definition defined in "Fourier Series.xmcd™

Input signal defined in "Test Signal.xmed™: V. (1) =V 4(t 75> Tpw ’Vpp) (5.2.2.3)
Consider a Short Voltage Pulse delayed 15 T = —0.131-us Tsstp = 1.639-ns
seconds:
4'pr
L= —2-'rpw ,—2~pr + i 2«pr
Vil T =it)
W( pW) Input Waveform
6 1 T T
T T5+pr
Vop
4+ 4
V(D
e 2__ -
0 | 1 1 C
~1x107° 0 1x10™©

fig.:5.2.2.1

Consider now the same signal repeated periodically, with period T\,,p = 4-(pr + 75), in such a way

that it is possible to calculate the bandwidth using the program BCSA defined in "Fourier Analysis.xmcd":

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for "Bandwidth Calculation and Signal Analysis”

Sbypg = BCSA[Vyy ,rtgq ,50,0.0,2-(Tpy + T5)] tgg=1% (5224)
[¥] Bandwidth Calculation
Sianal bandwidth: ][B., o = 0.046-GH2 gt = 0.061-GHz
Parsevaly = 24.899V/? [Averagevp0 = 2.5V | [RMSvp0 = 3.536V |
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Sampling frequency: fsamp = :r_1__._ > 2-f4

samp
Chosen sampling frequency (Nyquist rate): fsva b 2-va0 fsva =0.091-GHz (5.2.2.5)

1

Tsva = > (5.2.2.6)
svpO
NO 1
Nevo0, = K Tsypo *+ 75 . = 170.667
PPk i fsva Ttest
Vpp = 5Y Pulse sampling: ud4y = Vw(nsvpok) (5.2.2.7)
Sampled Input
6 [} |
' _ 5 5 Tpw | Voo
4 | ]
V(D
U44k 2 ‘ _
= i
0 ] : 1 1 1
_5x10° ' 0 5x10” 1 1x107°
ts”svak
fig.:5.2.2.2
Filter response:
Input signal: V(1) = V4(t,1'5,1'pw,Vpp) = Vpp-rect (t,TS,pr) (5.2.2.8)
or: Vy(t) = Vpp-(<1>(t ~%5) - q:(t — T~ ~r5)) (5.2.2.9)
-T58 - (1—5+-rpw)-s
Laplace transform of the input signal:V4(s) = Vpp- & . & (5.2.2.10)
s
Vpp -T5'S TS
Wylsj= Ll = (1-¢7mow) (5.2.2.11)
s

Laplace transform of the output signal: va(s) = W(s)-V4(s) where W(s) is the t. f.:

i o
V o .8 — 3 Ag-w
Yypls) = - P .(1—e Tpw ) . 575 if (#wg , (52212

& s”+2:('s +wg

mV S Ag-w £

~TE"S = T

pp_e 2 -(1 a B¥ ) i otherwise
R (S+w5)

1) First case: ¢ # wg
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Rewrite the Laplace transform of the response in this form:
" 2 —(Te+ -8 2
v (S) _ v e THS A5UJ5 v e (T5 pr) A5w5
. = : : " : .
g PPs $2+2-Q‘s+w52 i

3 ERL Y w52

namely:

—T58 = (T5+pr)- S

o= e e B e

va(s) = Vpp Ag-ws 5 5 : 5 (52.2.13)
s:{s” +2-C-s+wg s-|s" +2-C-s+ wp

! (5.2.2.14)

and call F(s) = 5 5
s-(s # 23S+ g )

g - =TS
results that: = e F(s) = .B(f(t—'r5))
s-(52 + 2:0:8+ wr )

—(T5+1‘ )-S W S .
b e 570 () = [t~ (r5+ ]
s-|8" +2-C-8+wp )

so that one can write as well:

Yyp(s) = Vpp-AS-wsz-[e’ AT (VAN (5.2.2.15)

Now calculate the inverse Laplace transform of F(s):

callit: 1 H = £—1 (F(s)) = Bf‘t 1
S‘(SZ +2-C-s+ wsz)

inviaplace s
1

s-(32 +2-C8+ s )

simplify ,max —

sedlf
collect,e S

Q-sinh(t- fgz -w < i
results: 1 (t) == —cosh(t- T [ e W W U _1-2_ (5.2.2.16)
NI ws

T 5+‘pr)- S

Th is: = 2[o s ) ]
e output |s.YVp(s) = Vpp-A5-w5 1e -F(s)—e -F(s)

whose inverse Laplace transform is:

ylyp(® = Vpp-A54w52-[f1 (t-75)-@(t-75) —f[t- (5 + Tpy) |- E[t- (5 +Tpw)[]  (6:22.17)

2) case: (= wg

Rewrite the Laplace transform of the response in this form:
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i .8 2 s e .5 2
e i ) A5w5 e (T5 pr) . A5w5

e ] o ; 2.2.18
va(s) Vpp > Vpp 2 > (5.2 )
(s ¥ ‘*’5) (s % "-’5)
=TEdS —|T5+Taw) S
namely: Yo () B Vs A s| — © e (7o) (5.2.2.19)
: vp pp 75 ™™b 2 2
s(s+wg)?  s:(s+wp)
call: G(s) = ——————1—2 (5.2.2.20)
s-(s + wg)
so that the first term of the second member can be also written:
- 75‘5 = T5-S
S = 7 .6(s) = £(f(t-Ts))
S-(S + w5)
While the second term is:
] (T5+pr)-5 ,ﬁ(
e _ T5+pr)'s o
e e -G(s) = .B[f[t— (75 +pr):|:|
s-(s - ‘*’5)
The Laplace transform of the output can be written:
= 2| —7T5S —(1‘5+pr)-8
va(s) = Vpp-AS-w5 —[e -G(s) —e -G(s)] (5.2.2.21)
To calculate the response, it is sufficient to know the inverse Laplace transform of G(s):
] ~ 4
olace - g)=£L (Gs) =L —--1--——2
s-(s + ws)
Calculation of the inverse Laplace transform of G(s):
5 =8 Ci=L
inviaplace,s
simplify ,max
_____1___2_ factor —
s-(s+ e
(8+6) collect,e it
collect,—%
£
_e Sty
so, the resultis:  gq(f) = e 2(C t+1) (5.2.2.22)
¢
Finally the inverse Laplace transform of the filter's output:
2|: —Tg'S —(T5+pr)'5 :I
Y2Vp(s) = Vpp-AS-w5 1e - -G(s)—e -G(s)
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is: y2vp ) = Vpp'A5'w52'[g1 (t = ~r5) .<I>(t - 'r5) - 91[’( - (1'5 + pr)]-fb[t - (75 + pr)]:l

As one can see, the two waveforms, according to which {=wsgg or not, are slightly different.

Grads wg = 0.182. Grads
sec sec

¢ = 0.018.

Hence, the time response to the Short Voltage Pulse is:
Voulse(® = [¥1yp® i (= w5 (5.2.2.23)
y2vp(t) otherwise

Taking into account the op. amp. saturation voltage, the output is truncated:

Ywsat® = f(-Vsat < Ypuise® = Vsat-Ypuise® ’if(yputse(t) < O-O‘VOIt’"Vsathsat))

[¥] Graph controls

6-1
. pw g
Ywsat(Tpw + 75) = =15V 4= 4T 4 Tpw + Tooos - 2Tpw A Vpp = -850V
C= 0.018.Crads g = 0.1g2.3"2ds
sec sec

Output Waveforms With and Without OPAMP Saturation

50 T T T
75 Towi ™5
D
=
t
% Ywsat(t) P &
E Ypulse(V
= 1] I _ _ .
£ - Veat —90 AsVppr
& L :
100k I g L
0 5x10™ 110~ ®

t

time as multiple of T

fig.8.2.2:3

Ywsat(D
Dimensionless Output vp(t) = ._sti_

Analog filter Output sampling.
Consider now the same signal repeated periodically, with period T, := 2-(pr + 75), in such a way

ANy
that it is possible to calculate the bandwidth using BCSA:

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for "Bandwidth Calculation and Signal Analysis”

rtyq = 1-% Sbyyp, = BCSA(vp,tyq,50,0.0-sec,Tyy) (5.2.2.24)
I¥}— Bandwidth Calculation

Bignal bandwidth: ||B

vp = 0.046-GH fiogt = 0.061-GHz
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Parseval,,,, = 251.043V2 Averagevp =-7.51V

vp

1

Sampling frequency: fsamp
samp

Chosen sampling frequency fsvp e 2~va

NO 1 1 k
e = 170.667 Tsvp = . nsvpk o o

fs.\.rp Ttest svp sSVvp
Output sampling considering Op Amp saturation:

Pk = Vp(nsvpk)

Output sampling without considering Op Amp saturation:

+’T5

ypu!e;e( r'svpk)

volt

ywing :=
NO = 256 Qg = 5.4 Ag = —10

Dimensionless output sampling considering Op Amp saturation:

szat( nswpk)

A5-Vpp = -50V ywinsg = =

s c3F

RMS,, = 1124V

fsvp = 0.091-GHz

(5.2.2.25)

(5.2.2.26)

(5.2.2.27)

(5.2.2.28)

Sampling Of The Output Waveform With And Without OPAMP Saturation

‘T5 > T[:I)W+T5

-20

Output amplitude

| S

1

~60
5x10™ 7

time as multiple of T

fig.:5.2.2.4

5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.3 Sawtooth response.

1x10~8

"1SW(t’Ttest ’VPP) (5.2.3.1)

Input signal defined in "Test Signal.xmcd": Vew(t) =

Vpp =9V

49

volt




Bipolar Sawtooth Waveform with positive slope
5 ] I = 1 1

3x10°

-5 | 1
2x10

8

fig:52.3.1

For a correct sampling one must know the signal bandwidth.
Numerical search of the signal bandwidth. All harmonics with amplitude less than rtgd = 1-% of the

fundamental one, are neglected . To do that it is used the function BCSA(...) defined in "Fourier
Series.xmcd".

Eescription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSA stands for "Bandwidth Caiculation and Signal Analysis”

N = 50 Sbgy = BCSA(Vgy -t -N ,0.0-s6¢, Tyegt) (5.2.3.2)

[¥]-— Bandwidth Calculation
Signal frequency: fg,, = 60.997-MHz W, = 2.7-fg,, Signal bandwidth: |Bg,, = 2.928-GH4

Parsevalg,, = 16.466 [Average1-volt = 0V | [RMS1.volt = 2.887V |

70 = 0. rows(Sbg,, ) - 1 Tiast = 16.394-ns

Xswgg = max[\/ (SbSW(1>)2 & (Sb SW<2))2J

j [( Sb Sw<1>)jsw]2 + [(Sb SW<2>)jSW:|2

mxswfs =

XsWig
Mrads
Wawy = 383.254-
W sec
Sawtooth Frequency Spectrum

1 T 7 T :
el Wew " lsw Wew )
0.6 =
0.4 f "
O-f]h - i i | i ‘ 1 ' I J l !“H.I!.illu.lmlum-- : m\(swfst

1 7 8 9 10 11

=x10 1x10 1x10 1x10 1x10
fig.:5.2.3.2
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(Min) sampling frequency (Nyquist rate)fe,, == 2-BSM fogw = 5.856-GHz T _ 1

SSW T
fssw
sampling time step:  ng,, = 9. (5.2.3.3)
k- fssw .
rows(nsw) = 256 ! = 60.997-MHz ERE = 2.667
test fs.sw Ttest
RMS1=2.887  Sampled signal: u10y = V1sw(nswkaTtest’Vpp) (5.2.3.4)

Sampling of the Input Waveform

0 11078 2a407®  3x1078
fig:5.23.3
Approximate signal reconstruction according to the Shannon sampling theorem:
NO-1
wep = 2:mBgy  sh3() = (u10p-sinc(wgp-t-n-)) (5.2.3.5)
n=0
NO-1 =255
Reconstructed Input Waveform Compared with the Original One
| — ' S W A ! v
sh3(t)
Vow(d °
-5
0 1x1078 2:10~8 3x10° 8 4x10~ 8
t
fig.:5.2.3.4 rtgd _ 1.9

Search of the filter's transient response

Given the signal:
]

V s o]
Vigw(t. Trest:Vpp) = 2220 Y [t~ k- Trest) Tect! (1~ k- Tiest0.0-Trest Trest) | ~ Vpp
k=0

o (5.2.3.6)
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20

Vv
V1sw0(t=Ttest=Vpp) =2 T B (t— k-TteSt)@(t— k‘Ttest) ~Vop
test k=0 | + (1) [t~k Trest) @[t~ Trest (k+ ]

RMS1 = 2.887 (6.2.3.7)

RMS of the Sawtooth Waveform

V1sw0(t= Ttest =Vpp)
RMS1

4x10°

t
fig..5.2.3.5

[¥] Laplace Transform calculation of the OQutput Signal .

Hence, the compact laplace transform of the (21) is:

Vv _a B0 _ k. V
£(V1sw(t’Ttest=Vpp)) = 2_99_1[1 _ [Ttesﬁ %)-e s Ttest:|_ Z (e Tiestk s) B ﬂ’

T s s s
test K=0
or
\ Tiauis
_ 'pp 2 test
L (Vigw(ts Ttest-Vpp)) = : .[T P coth[ 5 j (5.2.3.10)
test
Search of the corresponding output waveform of the filter.
A5-w52
Given the transfer function: W|p;s) =l & if ¢+ wg (5.2.3.11)
s + 2QS + w5
2
= ;
A5-——-———2 otherwise
(S + ws)

the Laplace transform of the filter's output is: V (s) = Wi (8)-L(V1awlt, Tiaat, V
osSwW Ip s test> Ypp

o il g A
First case |( # wg Vosw(s) = 5 LM o —1-[ - —coth( tezst )] (5.2.3.12)

s +2-g-s+w52 § | Ttests
2

Vo Ag-w Tiaat S

Second case[C= wg Vg (s) = 22> -1-[ 2 —coth[ il JJ (52.3.13)
(s+w5)2 S | Ttest'S 2
Now apply the following theorems:
Initial value theorem: [|m f(t) = Im (s-F(s)),
t—>0 S — o0
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Final value theorem: Ilim f(t) = Ilim (s-F(s))

t—> s —>0
Tiest = Ttest W5 = W Lo, Ag = Ag Vpp e Vpp S:=8§
Final value of the output voltage:
C = wg
Tinet'S
test
2 12_T. .s
_ Vpp-As-ws ( test'S °°th( 5 D assume,(TteSt > 0.0)
Vofin = lim |s- . 5 0
T 2 {.2 2 implify
s—>0 test s -(s +2.Cs+ W ) simp
¢ = wg
Tinat S
test
VppAA5.w52 (Z“Ttest's'cc’th[ 2 D assume,(TteSt > 0.0)
Vofin1 = |im S- . > ) ) -0
50 Test 32-(3 + wg) simplify
Initial value of the output voltage:
Ttest = Ttest Wg = UJ5 A5 = A5 Vpp = Vpp
C ES w5
TinatS .
test
2 | 2T +-s-coth
N Vpp'A5"*’5 [ test S-CO [ 5 D assume,(Ttest B 0.0)_}
S = x Ttest 32.(32 o 2@3 op wsz) Slmphfy
C= wg
Tinci S ’
test
_ Vpp‘AS‘NSZ [Z_Ttest's'c"th( 5 D assume,(Ttest > 0.0)
lim |s- . - o —
s - o0 Ttest 52.(3 2 w5)2 simplify
it results that: Vg5, = 0-V
Transient response calculation:
As seen, the filter output is:
Teaers
test
Vpp'AS""’52 - 2"Ttest's‘°°th[ )
First case ¢ # wg; Vosw(t) = ——L T : (5.2.3.14)
Ttest S -(s +2-(-8+wg )
Tiaet S
test
Vpp'AS'wsz o 2—Ttest-s-coth[ ]
Second case ( = wg |V () = ————-L (5.2.3.15)
T, @ 2
test s -(s + ws)
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2
V. -Ae-w
PRTSTS g q10.
Ttest n33

[¥] Calculation of the Sawtooth time response

N = 50 20-Tiegt — 0 Tiest

1000

1= 0-Tiest >0 Teest + .20 Tigst As=-10

Sawtooth Response Waveform

54



Convolution:

The second method is to calculate the time domain convolution product between the signal and the
impulse response.
Sawtooth function. The number of sawtooth is limited to forty one. The function rect1 is defined in "Signal

list.xmed".
L5 Th T, 40

Vpp . i
T -Z:O [(t— & Trest) Tect(t.k-Tregt Trest) |~ Vpp ~ (6:23.16)

fs1 (1) :=

t

t
Vew(m)-w(t—r1)dr = J Vg (t—1)-w(r) dr

Convolution: v, () = J

0 0
t
Output: Vosweonv(d = J w(t-o)-fs1(o) do (5.2.3.17)
0
5T5 +1 'Ttest
{:=-1.T ,—1-T + g
MW test test 100 5
40 T
201 |
fs1(t) Vosweonv (D M %&
AWG Vgw(D I |
----- ! . 20 L. e
_40 1 I
0 2¢10°8 ax107® e 5¢10” 8 15x10" "
t t
fig..5.2.3.7 fig.:5.2.3.8

Now the output signhal will be sampled. To do that correctly, one must know the signal bandwidth. The follo\
program (BCSA) will do that calculation.

Vosw(D
AV

Dimensionless output signal: Vg, (1) := (5.2.3.18)

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
IBCSA stands for "Bandwidth Calculation and Signal Analysis”

- BCSA(V

N =50 Sb

osw

_— g >N ,0.0-sec, Tiegt) (5.2.3.19)

[*] Bandwidth Calculation
Output signal frequency: fgg,, = 60.997-MHz

Output signal pulsation: wggy, = 2-7-fogw Output signal bandwidth: Byg,,, = 2.928-GHz
Parsevalyg,, = 861.113 | [Average1o-volt = 17.656V | [RMS10-volt = 20.75V |
e 1 _
J70 == 0..rows|Sbygey | -1 Tiest = 16.394-ns
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XsWrgq = maxU (Sbosw<1>)2 + (Sbosw<2>)2J

\/[(SbOSW“))J'sz . [( SbOSW@)jSW]Z

Xswfso

mxswfso =

Mrads
sec

Wosw = 383.254-

Output Frequency Spectrum (in blue) Compared with the Input (red)

1 —
l Wew I " Jsw Wsw
0.8 ' -3
0.6r | =}
0.4 i3 v
0.2 : -
0 (O " 2 L. . ] ;
1x107 1x108 1x10° 1x10"0 1x10"
¢ Output
L Input
fig.:5.2.3.9
(Min) sampling frequency (Nyquist rate)foc\o == 2:Bogu fsswo = 9-896:-GHz  Tggo = .
fsswo
sampling time step:  ng,q = k (5.2.3.20)
kK fsswo
Ttest = 16.394-ns rows(ngyo) = 256 |Ag-Vpo| = 50V
1 60.997-MHz 20 1 s
test fsswo Ttest
VOSW = Vosw(nswok) (5.2.3.21)

Output Voltage Waveform

T I
r Ttest

20
VOSWk
L O
Vet
S
W(w)%20
_40 1 | 1 1
0 1x1078  2¢107% 3x107® ax107®
New. »
SWktW
fig.:5.2.3.10




Approximate output signal reconstruction according to the Shannon sampling theorem:

NO-1
We2g = 2T Bogy sh3o() :=| )" (voswp-sinc(wgpo-t - n-m)) 52.3.22)
n=20
Reconstructed Input Waveform Compared with the Original One
40 T T T T
¢ Ts
0 i

sh3o(t)

s ol
VUSW(t)

-20
_40 | | | |
0 1x1078 241078 310”8 4x107 8
t
fig..5.2.3.11
Fourier Transform of the Test signal
f
fist = 0.061-GHz i T L T
f f
test sswo test
Osw := fft(vosw) (5.2.3.23)

Magnitude spectrum

150l max||Osw|}
100f -
[Oswk|
L 50 L .
0 j}- il 1
0 1x10° 2«10°
" fsswo
NO
fig.:48
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Phase spectrum

1 |

0

1x10%  2x10°

fSSWO

NO
fig.:49




5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.4 Bipolar Square Wave response.

Signal Bandwidth calculation using the Fourier series' harmonics. Are excluded all harmonics with

amplitude less than rtgd = 1-% of the fundamental.

“’sqw(t s Ttest =Vpp)
volt

Tiest = 1.639x 107 %s

(5.2.4.1)

3
Vpp = 5% 10°mV Vot =

Signal bandwidth:

Description of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for "Bandwidth Calculation and Signal Analysis”

ga = 1%  Sbgqy = BCSA(Vgquh»gq»50,0.0-s€C, Tiegt) (5.2.4.2)

[¥] Bandwidth Calculation

The function returns a three columns mairix.
The first column contains:

pos. 0: relative error,

pos. 1:  bandwidth (Dimensionless),

pos. 2: the nth. harmonic number corresponding to the give relative error,
pos. 3: temporary variable,

pos. 4. Parseval,

pos. 5: signal average,

pos. 8: signal rms.

The second column contains the coefficients ay of the Fourier series,
the third column contains the coefficients by of the Fourier series.

Signal bandwidth: Bsqw = 2.928-GHz
Parsevalgy, = 49.595V° [Average2 = 0V | [RMS2 = 2.887V |
; ! Grads
sampling frequency (Nyquist rate) fssqw = E'Bsqw fssqw = 5.856- (5.2.4.3)
sec
= LK T : L 5244
sqw = 7 ssqw T (5.2.4.4)
SSqW ssqw
NO 1

SqWk = Vsqwb("sqwk) == = 2.667 (5.2.4.5)

ssqw 'test
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Sampled Input

= s smem

o
"sqw(t= Ttest Vpp)
0

sqwk ﬂ

il -

. .

1
0 1x10~ 8 2110”8 3x10”
t.n
SQW
fig.:5.2.4.1

Approximate signal reconstruction according to the Shannon sampling theorem:

NO-1
weq = 2T Bgqy shA() =| H' (sqwn-sinc(wgyq t—n-m)) (5.2.4.6)
n=4>0
5T -0-T.
test test
':(M.: OTteSt ,O-Ttest + 1000 v 5Ttest rtgd =1-%
Reconstructed Waveform Compared to the Original One
5 T L T T | V |
pp
sh4(t)
0
Vsqw (t » Ttest Vpp)
= 1 ] i 1
0 110~ 8 210" 8 3x10 8 4x10”
k
fig..5.2.4.2

Output calculation using the Laplace transform of the input and the filter's transfer function.

Input L. t. £(Vi(t=Ttest’VPP)) i e tanh[Ttejt'S]

s
First case ( # wg

-1 Vpp Tiest'S A5'w52
Output inverse L. t..: Vopt(t) =L |—/"-tanh .
s

Second case ¢ = wg

2
-1 V T -S A N
Output inverse L. t..: VOpt(t)=£ PP -tanh( test J 5w
s

(s+ w5)2
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32 +2-0:8+wp

(5.2.4.7)

(5.2.4.8)

(5.2.4.9)




Output final value:

-0

First case ¢ # wg lim
s—>0 S

2
V-8 Tinet S| Ag-w
Second case ( = wg! lim —P—P—-tanh[ fest ) e 5
s—>0 = (S + UJS)

2
V'S Tinet'S Ac-w
pp -tanh[ test ] §*5

4 52+2-Q-s+w52

-0

How to calculate the Laplace transform of the input signal:

Shift theorem L(f(t-a)) = e 2°.F(s)

2-k+1

~KTiagp® . g TtestS (ki) Tyegrs
e ~ 26

te (5.2.4.10)

Vpp i
MRS
k=0

o0

L Z fi-kTyi=

k=0 1-e

F(s)
PO

Filter's output signal calculation:

Ag-w 5
First case ( # wg; Vo(s) = Vj(s)- 5 ek 5 (5.2.4.11)
§ +2:L-8+we

Second case ( = wg; Vigl8) = V8 (5.2.4.12)

First case ¢ = wg

[*] First case: Output calculation
Once defined the function:

2 2

-sinh{ t- [(" —
flgq(h) = As: 1-¢ St cosh(t- /gz—w52)+c (2 ;5 B (5.2.4.13)
L ~wg

the output is given by the sum:

N
2-k+1
V01 (t) = Vpp' Z |:f1 Sq(t = theSt) - 2-f1 Sq[t e ——2 'Ttest +f1 Sq[t = (k + 1)Ttest]j|
k=0

(5.2.4.13")

Second case ( = wg;

[¥] Second case:Output calculation

Rgq () = A5-[1 —e w5-(1 +t-w5)j|-¢’(t) (5.2.4.14)
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N

2-k+1
Vo2(® =Vpp| )’ [f2sq(t— k-Thegt) 2-f2sq(t—— 5
k=0

'Ttest) +f2gq[ t= (k + 1)-Ttestﬂ (5.2.4.15)

¢ = 0.018.21898 1 0.061.GHz
sec

Ttest
N = 50

Output signal

Vequ(® = | Vo1 if ¢ wg

(5.2.4.16)

Voa(t) otherwise

.T.
test

Graph of the bipolar Square Wave response considering the Op Amp saturation:
Vosqw(® = if(-Vsat < Vsqw(® < Veat:Vequ® »if(Veqw(® < 0.0-volt, V4 Vo)) (5:24.17)
A5 = -10 Ttest = 16.394-ns

Bipolar Square Wave response. fiest = 0.061-GHz

Transient Qutput Waveform

Vsqw(t)

Vosqw(!)

Vsqw(t s Trest Vpp)

-

0-Vv
. 100 ] 1 3
0 210~ 8 240 ® 6x10~ S
t
fig..5.2.4.3
VOSQWK := Vsqw(nsqwk) (5.2.4.18)

Approximate output signal reconstruction according to the Shannon sampling theorem:

NO-1

weg = 2-TBgqy ShE(H) =| (vosqwn-sinc(wgs-t - n-))

(5.2.4.19)
n=0
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tyg = 1-%

Reconstructed Waveform Compared To the Output One

_ 100 | | | 1
0 1x10™ 8 2x10~ 8 3x10~ 8 4x10~ 8
t
fig..5.2.4.5
vopty = Vosqw(nsqwk) (5.2.4.20)

Approximate reconstruction of the output signal (with Op Amp saturation) according to the
Shannon sampling theorem:

NO-1
Webv= 2T Bggy ShB(M = Z (voptn-sinc(wgs-t - n-m)) (5.2.4.21)
n=20

Reconstructed Waveform Compared To the Output One

I
sh5(1)
Vosqw(t) ISR
0-V
i L L]
2410~ 8 3x10™ 8 4x10~ 8
t
fig.:5.2.4.6
NO 1
: = 2.667 Opt := fft(vopt) (5.2.4.22)
fssqw Ttest
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Magnitude spectrum Phase spectrum

I | 4 | I
toflst — maxl|opt|} i
2
Opt ;
Ll K 50 - frg(Optk) 0
e,
0 4 1 !
0 1x10? 2¢10° -4 SR
¢ 0 1x10° 2x10
( SSaw p
NO . SSaw
fig..5.2.4.7 NO

fig..5.2.4.8
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Convolution:

The second method is to calculate the time domain convolution product between the signal and the
impulse response:

4-Tiost + 1 Tiest 4T
100 s test

L= ~1Tiest:~1 Ttest +

153

t
Vosqconv(t) = J w(t- G)'Vsqw(U’Ttest’Vpp) do (5.2.4.23)
0

50

Vosgconv(l 0

Vsqwb(t) i

—100 i ]
_ox10” 8




5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.5 (single tone} AM Signal response.

We 1 1 “mam
A1 =10V Wo, = T-west  fo.= o To.= %:; Wmam = g-w5 fnam = =
B1 =55V f,=60.997-MHz

1 o o .
Tmam = r-u— fmam =6.1-MHz  modulation index: Mym = 55-%
mam
Grads Grads
= 0.038- = 0.383- Bw =f.+2f
“mam SEc We o am -~ c mam

sampling frequency (Nyquist rate):  fggm = 2:-Bwyy, . fggm = 146.392-MHz

sampling angular frequency. wggm = 2-m-fogy.  Wggm = 0.92: Gsr::s,
sampling period: Tgam = e ,  Tggm=6.831x 10 3-us,
fsam
o k
sampling time step: nam := )
sam
Tsam
NO- = 106.667
Ttest
I 0 1 2 3 4 e
0 0| 6.831-103 0.014 0.02
e
= 10 V2,(t) = vzi(t,wmam,wc,m ,81) (5.2.5.1)
“mam
V2;(namy)
u7g = —— (5.2.5.2)
volt
20-T
4= 0-Tg,0-Tg + ——— .. 20T, NO 1 _ 106.667
1000 fsam Ttest

(Single Tone) AM Signal Sampled input Waveform

u?k

V2;(t)
—-101]




fig.:5.2.5.1

Approximate signal reconstruction according to the Shannon sampling theorem:

NO-1
Wgh = 2-T-Bwam shB(t) := Z (u__?n-sinc(wshﬁ-t— n-ﬂ)) (5.2.5.3)
n=0
l'tgd =1%
(single tone) AM Reconstructed Waveform
T I I
10 ‘
sh6(t) O {14
—10+ o
] I I
0 1x10” " 241077 31077
t
fig.:5.2.5.2
Spec_7 := fft(u_7)
Amplitude Spectrum
R forf
60F : T ma):TISpec_ﬂ)_
lSpec_]k| 40+ i
20 I I i
0
5x10” 6x10" 7x10”
f
. sam
NO
fig.:5.2.5.3
g SN
t
Exact output: v (1) = J w(t-0)-V2;(o) do (5.2.5.4)
0
40-T,
e 0, s -
Mam = 95-% 1=0T.,0-T .+ T 40-T, T, =0.016-ps
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Input Waveform QOutput Voltage Waveform

- Tc l I 16-Test =
10[ 50|
V2t o} Voarm® ok
- 10K — 501
| | 3
_20 0_7 2 1 @ ? - 100 ! | 1
0 Bl x10 0 11077 2x1077
! t
Output sampling: ~ Vamy := Vyam(namk)
Sampled output signal
fsam
fc = 0.061-GHz = 2.4
fC
Specyy, = fft(Vam)
Qutput Spectrum Phase Spectrum
T T % 4 i T ’
200 |ma><(l§ gm 3
lSpecamkl o0l arg(Specamk) 0
¥ 1
-2
0 WY [ [ 17T ) 1 1 1
0 2¢107 4x107 6x10” 0 2107 4x10” 6x10"
_fsam " fsam
NO " NO
fig.:5.2.5.7 fig.:5.2.5.8
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40

20-log(|Wip(-w)|)

Wipp

0

e(w)

Magnitude of W(jw) in dB

et - .
w20 : 4;
| N
— 40 i |
1x108 1107 1x10° 1x10° 1x1019
w
fig.:5.2.5.9
Phase of W(jw)
\ | pol‘rs(, T I
f I ~\\ 1L | |
1l il L It
il I T b
=TT T i |
| | ‘ i | |
LU ARIE
0 | | | 3 i

1x10°

1x108

1%10”

1x108

w

fig.:5.2.5.10
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5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.6 (single tone) Frequency Modulated carrier response.

w =1-w f '—-Eﬁgnz
cfm - test cfm = 5
T o & - w =
cfm = mfm = 54
fofm 20
“mfm 1
fnfm = T Tmfm = o Trnfm = 0.328-us
mfm
chm = 0.016-MS
]
frequency modulation index:ms := et ms ;= 8 (5.2.6.1)
W
m
e Grads
Carson bandwidth:  Cars1 := 2-umfm-(mf+ 1) Cars1 = 0.345. (5.2.6.2)
sec
sampling frequency (Nyquist rate).  fg¢q, = 2-Cars1 (5.2.6.3)
fsfm = 0.69-GHz
sampling angular frequency: wgfy = 2T fgem.  Wgfm = 4.335 G;ads,
ec
sampling period: Tgfp = =i . Tefm= 145x10" 3-ps,
fsfm
sampling time step: nfmy = R : (5.2.6.4)
sfm
. S NI 22835
fstm Ttest
afirs) = 0 1 2 3 4 5 6 us
0 0 1.45°103| 2.899'103| 4.349°103| 5.798'103| 7.248'103
Wefm
=28 Vim(® = Vimsi(t>Cefm » Wmfm »Afm > M) (5.2.6.5)
“mfm
Ve nfmg
Ag = 0.02V uB = L(It__) Vpp = 5V (5.2.6.6)
VO

Approximate signal reconstruction according to the Shannon sampling theorem:

NO-1
weh7 =2mCarst  sh7() :=| )" (uBn-sinc(wgh7-t-n-m)) (5.2.6.7)
n=20
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I'tgd =1%

Reconstructed (Single Tone) Frequency Modulated carrier Waveform
0.03 T T T
0.02 .
0.01 | | |
sh7(t) ottt Yf-Vvf- | \d
-0.01 '
-0.02r
-0.03

3
; —|

0 %10~/ 210”7 3x10”
t
fig..5.2.6.1

Exact output:

f2fm(t,cr w5 ,C 5 Wefm » Wmfm rnf) = sin[(tm o)- f w52 ~ gz |-eC'G-cos(wam-c + mf-sin(wmfm-c))

[ ]
2
Vofm(D = Afm-Ag-wg™ J
/w5 —

= (t—cr) -b.J5 . .
(t -0o)-e -cos(wcfm-cy - rnf-sm(wmfm-cr)) do otherwise
0

f2fm t,o,ws,C, “’cfm’wmfm’mf) do| if ¢ # wg

(5.2.6.8)
t
Vofm (D = J W(t- 0)-Vir, (o) do (5.2.6.9)
0
1.7 ; Tm'fm‘0
T 0 T -0 mfm T T L An
mfm’ mfm’ 100
Topey 2 DIOIE = ' 3 T
test e Y= 700 100 100 mfm
Output Waveform
0.02 : :
0.01 ]
Vim(ttm)  off|
~0.01f |
~0.02 - - —_— ~0.4— ! '
0 1310”7 21077 3x10”7 0 1x10° 7 2x10° 7 3x10”/
t1‘m tm
fig..65.2.8.2 fig.:5.2.6.3
Vofm(nfm1og) = -0.199V  Output sampling: Ofmy := V¢, (nfm) (5.2.6.10)
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Sampled Qutput Signal
0.6 T | T

-0.4 : '
0 x1077 2¢107 " 3x1077
nfmk
fig..5.2.6.4
Fourier Transform of the Test Signal
f
L f, = 0.061.GHz SR g el s
f fe sfm Ttest
Grads
Wmfm = 0.019- = OSpecfm := fft(Ofm) (5.2.6.11)
FM Test Signal spectrum Phase spectrum
T T T £
06k fc ~ |max(OSpecfm)
é 2
|OSpecfmk| 0.4 § arg(OSpecfmk) 0
0.2} A oy
0 1] 1 __4 | | 1
0 1x10° 2x10% 3x10® 0 1x10® 2«10% 3«108
f f
. m . m
NO NO
fig..5.2.6.5 fig.:5.2.6.6
On the other hand if the carrier frequency is located in the passing band, the filter response is :
(€3] (€8} . .
100 100 w3g w3
Carson bandwidth:  Cars3 i= 2-w3-(mg+1)  Cars3 = 3.449.050°  (526.12)
sec
w3e =4
Carrier frequency: 3 := e f3c=6.1x10 "-GHz
“T%
sampling frequency (Nyquist rate): 3¢5y, := 2-Cars3 , f345y, = 6.899x 10_3-GHz
sampling angular frequency: w3gfm = 2- T3¢y W3gfm = 0.043- Grads,
sec
sampling period: T3gfm = Fé-im— , T3gfm = 0.145-ps,

sfm
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k

sampling time step: n3fmg := ,
f3sfm
NO 1 2264x10°
f3sfm Ttest

Agp, = 0.02V Vigmn(® = Vme (£ @3¢ w3 Ay » M) (5.2.6.13)

V1 N3fmy
uby = fm(n3fmy (5.2.6.14)

volt

Approximate signal reconstruction according to the Shannon sampling theorem:

NO—1
we7 = 2-m-Carst sh7b(t) = Z (u8bn-sinc(wg7-t-n-m)) (5.2.6.15)
t.gs=1% e
gd
Reconstructed Signal Waveform
0.02 ;' T T T
0.01 1] i
sh7b(t) 0 sl
~0.01 '
-0.02 g ' 1 L
0 1%10” " 2x10™ ' 3x10™ 7
t
fig.:5.2.6.7

Exact output:

V25 (D) = Afm'AS"""Sz' J f2fm tiouwE.. wSC,wSm,mf) do if ¢ # ws

t
—(t-o}-w
J (t-o)-e e 5-cos(w30-o—+ mf-sin(me-cr)) do otherwise

0
(5.2.6.16)
t
V24fm (D) = J w(t—0)-Vigy, (o) do (5.2.6.17)
0
Tiest = 0.016:ps  T1g =2x 10°%ps :fm _ 144.957-ns Vop = 5V
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100-Tonfm — Tmfm ' ©

- 100-Trifm

m = Tmfm 0> Tmfm 0 +

. 1/O Voltage Waveform

400

Output Voltage Waveform

0 2x10°°% 4x107® 6x107®
'[1fm
fig.:5.2.6.8 fig.:5.2.6.9
k .
n3fmy := KI—O—-T3c Output sampling: Ofm = V24 (n3fmi) (5.2.6.18)
Sampled signal
04 I I I
~04 ] ] 1
0 5<107 7  1x10°%  15x1076
n3ﬂnk
fig.:5.2.6.10
. i il f3sfm
Fourier Transform of the Test signal f3,=6.1x10 "-GHz = = 11.31 mg = 8
¢
Grads
Wmfm = 0.019- OSpecfm3 = ffit(Ofm) (5.2.6.19)
sec
FM Test Signal spectrum Phase spectrum
T 3 4 T T T
41 max(los;aecﬂ‘ﬁj ;l
25-71' -
OSpecfm3k| 051 ' A arg(OSpecfmSk) 0
I > i
| 9
0 l“ll“]lllllllll?ll::. it 1 ] 1
0 2¢10° 4x10° 6x10° 0 1x10% 2x10% 3«10°
NO NO
fig.:5.2.6.11 fig.:5.2.6.12
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93]

P SN 20 10Ut
mme 20U 20-U U2
Wdbw1,, := 20-|og( |w,p(j-w1c)|) (5.2.6.20)
Wdbw1,, = 20-dB
Magnitude of W(w)
A0 T T - EFE ooyl L= - - RO T
LN
20 Fe— i o . W= T W —-&33 '
2010( 1) T TN P
— R e | i i (S SIS R TR e = ool DAl L 1oLl
ZO-IOQ(IWIp(j'|pOIeSDI)D X ; | | \}\ i
- 20 B b - L |
O T \\i
| | i L |
— 40 | L]
1x10° 1x107 1x10% 1x10° 1x101°
w
fig.:5.2.6.13

74




5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.7 (single tone) Phase Modulated carrier response.

Wepm 1
Wepm = 4 Wtest  fepm = S Tepm = f (5-2.7.1)
cpm
Wepm “mpm 1
-3
Tcpm =4099x 10 “.-us Tmpm = 0.082-ps
mp = 8
Carson bandwidth:  Cars4 := 2-wmpm:(Mp + 1) (5:2.7.3)
sampling frequency (Nyquist rate): fspm = 2-Cars4 | fspm = 2.759-GHz (5.2.7.4)
sampling angular frequency: Wepm = 2"“'fspm- Wpm = 17.338-6;228
1 - 1 —4
sampling period: Tspm o S Tspm = 3.624x 10 "-ps,
spm
sampling time step: npmg = —-—k—— . {5.2.7.5)
fspm
N0 1 o5gey (5.2.7
fspm Tiest
npm' = 0 1 2 3 4 48
0 0| 3.624'104| 7.248:104| 1.087°103
Apm = 0.02V Vom(® = Vom(t: Wopm s WmpmApm>Mp) (5.2.7.7)
V npmy
UG := Vem(nPmi) (5.2.7.8)
volt
Sampled PM Waveform
0.02r [ : ' E
0.01r l l !
ng O T
. ‘ | | l
~0.01 l -
-0.02 ! .
0 100 200
k




Approximate signal reconstruction according to the Shannon sampling theorem:

NO-1
wigg 1= 2-7-Cars4 sh8(t) :=| 3" (u9n-sinc(wygg-t—n-x)) (5.2.7.9)
n=_0
40-T
tom.= 0-Tepm - 0-Tepm * —-130—‘5%"1 - 40-Tepm tgg = 1:%
Waveform of The Reconstructed Signal
0.02P Tepm : ' ' :
0.01F |
Sha(tpm) ofF{
~0.01} .
~nio2¥ | , - 1 | -
0 2x10~8 4x107 8 6x10" 3 8x10™ 8
tom
fig.:5.2.7.2
t
Vop = 5V Exact output: Vopm() = J W(t - )V (o) do (5.2.7.10)
0
Tepm = 4.099x 107> us Tyon = 0.082-pis
Output Voltage Waveform
0.04¢ . r .
0.02
Vopm(tom) 0
-0.02
-0.04 : ' *
0 5x10~8 151077 1.5x10" 7
tom
fig.:5.2.7.3
Opmg := w (5.2.7.11)
volt
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Sampled PM signal Waveform

0.04
0.02[
Opﬁm )

-0.02

-0.04

Fourier Transform of the Test signal

m, =8

p

0.1

] OSpecpmkl

L]Specpmk| 0.05F

0

“mpm

2x10°

fopm = 0.244-GHz

Grads
sec

= 0.077-

Output signal spectrum

. T 1 T
C%gx( |OSpecpm| )_

}MLmnm,l 1

'lhl.al”l

0 2x10° 4x10® 6x10®

f
. _Spm

NO
fig.:5.2.7.5

4x10°

npm

fspm

cpm

8

k

fig..5.2.7.4

Wdbw,, := 20-109( |""\"I]‘:J(j 'wCN )

F

6x10"

11.31

OSpecpm := fft(Opm)

4

arg(OSpecpmk)

Larg(Spec:pmk)

o _ok
_4

8x10

(6.2.7.12)

Phase spectrum

2_

f T T

cpm

0

2x10% 4x10% 6x108

f
K spm
NO
fig..52.76

Wdbw,, = 10.392-dB

w, is the angular frequency of the carrier




Magnitude of W(w)

40 [ p 2 1 I}
) : e "‘; Wi—dB3, 1
| | PP T4
20-log(|Wip ()| ’. . \\ | |
m—— of i B s e -0
lN_lp_p | . | \ |
-20 1 , ‘ Tl
‘w |
_40 L ‘ i * ‘
1x10° 1x107 1x10% 1x10° 1x101°
w
fig.:5.2.7.7
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5.3
Analog-Equivalent Digital Low Pass IlI°order
Filter

5.3.1 Z-transfer function of the 11° Order Low Pass Digital Filter.

Now the previous analog results will be compared with the digital one
= |
il (5.3.1.1)

Consider the first order approximation with the change of variable: s = .
s

(see file" 1)DIGITAL FILTERS EQUIVALENT TO LINEAR CLASSICS - BASICS.xmcd, § 1.1.1)

From Laplace transform to Z transform),

and the following substitution into the transfer function

Ag = A ”
5 5 5 g substitute ,s = e
Agwsg Ts
Hlp(Z) = 5 2 =
s +2-(-s + wg collect,z

EfCiuJ5

2 substitute ,s = Lt 2 2
. ws TS A5'TS “wh
otherwise x=z"1 : Hj,(x) := Ag- collect,x 7 :
(s+w5) ' (TS'wS_X+1)
factor
the result is:
Ag T ows”
Hip(z) = | — dids e

72 71 -2~(TS-Q+ 1) - 2-TS-Q+TSZ-u}52 +1

/"\5‘Tsz"~=’52

otherwise

(—z_1 +Tg-wg + 1)

To simplify define the following parameters:

Place the sampling period Tg:= Tsstp which is the one defined for the step function. In addition define he

constants:
A0 := Ag-wg” Tg BO=2(1+¢Tg) CO:= TS-(w52-TS+2-§) 1 DO = Tg-ws + 1
AO = -0.98696044  BO = 2.0581776417  CO = 1.1568736857 DO = 1.314
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—8
you get the following result for the t. f. as a function of z: Ty = 1839010 —ms

Hyp(2) = A0 if ¢ % wg (5.3.1.3)
P -2 -1
z -B0-z +CO
60 otherwise
_1\2
(DO -z )

Ag-wg

W1 lpp = 20-log(

J

BODE PLOTS (Low Pass (lI° order)):

Magnitude in dB of Wip compared with Hlp
40 T T T
2() pemcmce—
o P g e e
=
- 201
~ 40F
] 1 I .Y |
1x10° 1x107 1x10% 1x10° 1x1010 1x10™"!
W
fig.:5.3.1.1
Phase
]
2 b
A a
i 0
~2F
|
1x10° 1x107
w
1ig::5.3.1.2
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5.3 Equivalent Digital Low Pass lI°order Filter
5.3.2 Difference equations Low Pass lI°order filter. Canonical form.

Given the transfer function: H‘p(z) = - e : if €+ wg
z “-B0-z +CO
a0 otherwise
(bo-z1)

Multiply and divide its definition for the same function G(z), so that

i = Y@ _ Y@ G@
Ip X2 G2 X(2)

_Y_..(..z_:). = A0
G(2)

Y(z) = AD-G(z)

ly(v) = A0-g(v)
G(z) 1 :
= if ¢+ wsg
X@ |72_Boz '+co
1

(po_z 1)

otherwise

x@ = |[(z2-Bo-z "+ c0)G@)] if ¢=uws

(DO -z 1)2-(':‘;(2) otherwise

X(z) = (CO-G(Z) - BO~2_1-G(2) +z_2-G(z)) if €= ws

G(z)-D0% - 2.G(z)-D0-z” ' +G(z)-z 2 otherwise

x(v) = [(CO-g(v)-BO-g(v-1)+g(v-2)) if (# wg

g(v)-D0® - 2.g(v - 1)-D0+g(v—2) otherwise

The corresponding set of difference equations is:

i gl = x(v)+80-g(ucz)1)—g(v*2) e et
X(v) +2:D0gv - 1) -gW=2) ..
DO?
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(5.3.2.1)

(5.3.2.2)

(5.3.2.3)

(5.3.2.4)

(5.3.2.5)

(5.3.2.6)

(5.3.2.7)

(5.3.2.8)



2) y(v) = AD-g(v)

A0 .= AOD BO := B0 C0:=C0
Z T. Initial value theorem: lim 5 o : J - —AE
z>o0olz “-B0.z +CO Co
: _ . A0
Z T. Final value theorem: lim ( 5 : ) -5 0
z—»0lz “=B0O2z +=C0O

fig.:5.3.2.1
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Recurrence relations:

1) g) = |if v>1 ¥ (53210

vj(v) + BO-g(v—1) -g(v-2)
o)

vi(v) +2:D0-g(v-1)-g(v-2)

2

if ¢# wg

otherwise
DO

if v=20
vi(0)
Cco
vi(0)

if C_,iws

otherwise

D0

if v=1

vi(1) + B0-g(0)
Cco

vi(1) +2:D0-g(0)

2

if g#ws

otherwise

DO

2)  y):= |A0-gw) if v>0 " (5.3.2.11)
0 otherwise
Vectorized:

Glpk =0 rows(Glp) = 256 ' (5.3.2.12)
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Glpk := |if k> 1 " (56.32.13)

vi(k) + BO-Glpk-1 — Glpk-2
Co

vj(k) +2-D0-Glpg-1 — Glpk-2

D0?

if Q¢w5

otherwise

if k=20
vi(0)
Co
vi(0)
2

if Q¢w5

otherwise
DO

if k=1

vi(1) + BO-Glpg
Co

v;(1) +2-D0-Glpg

if §¢w5

otherwise

D0?
Y22, = |A0-Glpk if k>0 " rows(Y22) =4 " (5.3.2.14)

0 otherwise

Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.2

To save space when applying the previous algorithm, it is convenient to call the following program
CANONIC2LP (it is the acronym of: Canonical Form Second Order Low Pass):

[¥] cANONIC2LP
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5.3 Equivalent Digital Low Pass Filter (l[°order)
5.3.2.1 Sequence of the voltage Step response.

Given the filter's input signal:  u1y := Vstpsl(nstpk ,vpp] (5.3.2.1.1)

and the filter's z transfer function, it will be calculated the output.

Vpp 51 03-mV ; Unit Pulses Sequence.
b T I
aF L rows(ul) = 256
L
1 | |
-10 0 10 20 30
k
fig..5.3.2.1.1
Transfer function coefficients:
A0 = A0 BO := B0 C0:=C0
Output's Z transform Initial value lim 5 0 ¢ - 2} -0
theorem: z->oo|z “-B0-z +CO0 (z-1)
Uty
vi(v) = - vi(0) = 2.5 53.2.1.5

Numerical calculation of the filter's response to the input step function

svsr := CANONIC2LP(V;,A5.,¢ w5 , Tsgtn - NO) (5.62.1.3)
svsr = (-0.987 2.058 1.157 {256,1} {256,1} 1.314)

Calculated transfer function coefficients:
A01 :=svsrg o BO1:=svsrg 1 CO1:=svsrp 2 D01 :=svsrp 5

A01 = -0.98696044 B01 = 2.0581776417 C01 = 1.1568736857
Sequences of the state function and of the output:
Glp0 := svsrg, 3 YOO := svsrp 4
Sequence of the voltage Step response.
20-Tg + 1-Tiest
10000

’LZ: ~1 -Ttest ,~—1 'Ttest + - 20T5 Q5 =54
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Sequence of the state function

Sequence of the response

3x10°

80 T | 0
L -20
60 YOO
' Kk —40
Gip0k40 I
[l ' “ ysr(t) ~ 60}
201 \ -80
0 N -100
0 <1077 21077 _5x107 8 5x10™ 8
nstp, nstp, ,t
fig..5.3.2.1.2 fig..5.3.2.1.3
SpecOx := FFT(Y00)
Amplitude Sp?ctrum Phase spectrum
T hax || Specox| 4 [ | :
401 . 3r .
= - 2— o
SpecOx
1 kl 20k i J?lrg(Spec()xk) 1k .
10r : Omwuwmmmwmm«w
0 L I | =4 7]
0 1x10®  2x10®  3x10° -2 (e
f 0 1x10 2x10
& sstp ;
NO ” sstp
N0
fig..5.3.2.1.4 fig.:5.3.2.1.5
Bode plots of the £ transfer function:
A01 i
H|p(z) =l — if C# wg (8.3.2.1.4)
z "-B01-z +CO1
ol otherwise
(D01 —Z 1)

Frequency Responses for sampling period Tggy,

dB

Magnitude in dB of Wlp compared with Hip

40 T

T

' & Bw ' Wemp
20
0_
—20F
_40L
| |
1x10° 1x107 1%10° 1x10° 1x1010
w
fig.:5.3.2.1.6
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p(w)

Phase of Wlp compared with Hlp

1x108 1x10° 1x10"° 1x10"1

w

fig..5.321.7
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5.3 Equivalent Digital Low Pass Filter (ll°order)
5.3.2.2 Sequence of the Short Voltage Pulse response.

In this paragraph, given the second order low pass filter difference equations, it will be calculated numeric
using the program "CANONIC2LP", the filter's response to a very short time duration voltage pulse:

2-(‘1‘5 +2-pr)

M = D% 103-mV L= —(75 - 2-pr) ,—(T5 + 2-pr) + = TE+ 2-pr

PP 10000
Input Waveform
B T T T
Ts T5+pr Y
PP
0 ) I 7 ; 1 I L
_5x107 7 0 5x107 1x10™®
t, Nsvp0,
fig.:5.3.2.2.1
Sampling period of the short pulse defined earlier (5.2.2.25): Je.= Tsvp

The first parameter of the program is the time discrete input functior v;(v) = u44,,
The calculation's results will be stored into the following vector:
svsr1 := CANONIC2LP(vj,As5,¢, w5, Tg,NO) (5.3.2.2.1)
svsr1 = (—43.865 2.388 5.774 {256,1} {256,1} 3.094)

Calculated transfer function coefficients:

al :=svsrip o b1 := svsrip 1 c1:=svsrig, 2 d01 :=svsrip 5
al = —43.86490845 b1 = 2.3878509449 c1 =5.7743417898 d01 = 3.094

Sequences of the state function and of the output:
Glp1 :=svsrig,3 Y01 :=svsrig 4
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Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.2.2

1?5+-8-(Tpvv-+’T5) +-0.1“T5
20000

t:=-0.1-75,-0.1-75 + . TH+ s-(pr +75)

State function sequence Output Sequence

! 75%7 pwW

Glp1, 0.5
5

0

-0.5 :
5x107 7 5x107
nSVpk "svpk’t
fig.:5.3.2.2.3 fig..5.3.2.2.4
Sampled signal: Specix = fit(Y01) (5.3.2.2.2)
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Amplitude Spectrum

max( |Specix] J
150 &

T
1

1 Spect xk‘ 100
L

Phase spectrum
4 T T |

2_ &

arg(Spec1xk) 0

-L ’

ok ‘ ! 2 a
0 I|!|Il|||l|1nl|..|h
3 _ 1 1 1
0 500 1x10 4 3 5 3
f 0 110" 2x10™ 3x10
5P f
N St
fig.:5.3.2.2.5 i
fig:5.3226
af .
Hip(2) = if = wg (6.3.2.2.3)
P -2 —1
z "=-bl.z +c1
g1 otherwise
(d01-271)
Frequency Responses for sampling period Ty,
Magnitude in dB of Wlp compared with Hlp
40 T T fg'ﬂ“ﬁ%t
s’ \
21 o -
j.w.T .
- 20-Iog(lHlp(e S) ) a '\'\S}
Eocon ) %
E?-Egﬂwm(j-w)‘) _20F &
— 40+ N
| 1
1x10° 1x10” 1x10% 1x10°
fig..5.3.2.2.7
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5.3 Equivalent Digital Low Pass Filter (lI°order)
5.3.2.3 Sequence of the Sawtooth response

Place Jg:= Tgew Tg = 1.708x 10_4'p,s Wemp, = —2_-[_2
S
svsr2 := CANONIC2LP(v;,Ag ¢, w5, Tg,NO) (5.3.2.3.1)

svsr2 = (-0.011 2.006 1.007 {256,1} {256,1} 1.033)
Ag :=svsr2p o Bg:=svsrg 1 Cp:=svsrlp 2 Glp2 := svsr2g,3 Y2 :=svsr2p 4 D :=svsr2g,s
Ag = -0.01070921 Bg = 2.006060171 Cp = 1.0071310916 Dg = 1.033

you get the following result for the t. f. as a function of z:

A
Tg=1708x10"*ps  Hyp(2) = [ — 2 1 4 g (5.3.2.3.2)
Z— —Bo-Z— +C0
A

. otherwise

_1\2
(Do-2"")

Ay
W1Ipp = 20-!09(' 5 5 ]
BODE PLOTS (Low Pass (lI° order)): Gerrin 36.792. 8rads

sec
Frequency Responses for sampling period Tggy

91



Magnitude in dB of Wlp compared with Hlp

40 T
jrwTg
= 20-Iog( Hip(e ) ) ok
ZOJog”VWpU-w”) sl
- 40
!
110 1107
w
w
fig.:5.3.2.3.1
Phase
T T T
s
2_
jrw T
3 arg H|p(e SD
oty 0— ESBcaBpoGP OGS O WD O
S .
arg(W|p(J w))
-2k
| i | 1
1x10°8 1x107 1x108 1x10° 1x1010 1x10™!
w
w
fig..6.3.2.3.2
Digital first order Low pass filter difference equations:
3
Vpp = 5x 10°-mV u%k;vgwﬁwmjmﬂymﬁ (53233

Signal Waveform
5 ot Voal
uss,  olm
L
_5 ; 1 1 1
0 1x10°8  2¢107%  ax1078
nsswk

fig.:5.3.2.3.3
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] us5
Hemp, ™ ET—ﬂ v3;(v) = - : (5.3.2.3.4)
S

svsr3 := CANONIC2LP(v3;,A5,¢ w5, T ,NO) (5.3.2.3.5)
svsr3 = (~0.011 2.006 1.007 {256,1} {256,1} 1.033)
a3 :=svsr3p,0 b3:=svsr3p,1 €3 :=svsr3p 2 Glp3 :=svsr3p,3 Y3 :=svsr3p 4 d3:=svsr3p, 5

a3 = -0.01070921 b3 = 2.006060171 c3 = 1.0071310916 d3 = 1.033

you get the following result for the t. f. as a function of z:

Tq = 1.708x 10" *.ps  Hyp(2) = 2y if ¢ ws (5.3.2.3.6)
s P = -1
z "-b3z +c3
2 5 otherwise
{aa-2")

Block diagram of the difference equation algorithm for a second order system

-aw -aw , £ biw, +b,w,,
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. Sequence of the state function Output Sequence
4x10 T T =E
test

Y3k 20
L
Gip3, Vosw( ¢
Vaw(t)
-20
—4><103 1 L : . - )
0 2><10“8 4)(10—8 0 2x10 4x10
n st
sw) SW
1g.:5.3.2.3.5 fig.53.23.6
Spec3x = FFT(Y3) (5.3.2.3.7)
Amplitude Spectrum Phase spectrum
T 4ﬂt | T
max( |Spec3x| )_ est
2r
i arg(Spec?:xk) 0 3
i1
o e 5
i) 1
1x10°  2x10° -4 =
0 5x10 1x10
fssw
24 NO c fssw
fig.:5.3.2.3.7 NO
fig..5.32.38




5.3 Equivalent Digital Low Pass Filter (ll°order)
5.3.2.4 Sequence of the Bipolar Square Wave response.

uBb := Vsqwb(nsqwk) (5.3.2.4.1)

4 Tiegt = 0-Ttest
/E\ttz 0 'Ttest -4 0 .Ttest + 1000 e Ttest

Sampled Signal

fig..5.3.2.4.1
Place T.:=T T.=-0171-ns o B
To= Tssqw s = 0.171. Homp = T
v4;(v) = u6b, (5.3.2.4.2)
svsr4 := CANONIC2LP(v4;,A5.,¢ w5, T ,NO) (5.3.2.4.3)

svsr4 = (—-0.011 2.006 1.007 {256,1} {256,1} 1.033)
a4 :=svsr4g o b4 :=svsrdg 1 c4:=svsrdg 2 Glp4 :=svsrdg 3 Y4 :=svsrdg 4 d4:=svsrdg 5
a4 = -0.01070921 b4 = 2.006060171 c4 = 1.0071310916 d4 = 1.033

you get the following result for the t. f. as a function of z
a4
7% b4z
a4

(d4 =1 1)2

s :
Tg=1708x10 "-ms Hlp(z) = if ¢ wg (5.3.2.4.4)

1+c4

otherwise

J

Asg-wg

W1Ipp o 20-Iog(
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BODE PLOTS (Low Pass (lI° order)):

Frequency Responses for sampling period Tggquw

Magnitude in dB of Wlp compared with Hip

40 T
20
== or
==
_20fF
_40fF
L ] 1 - .
1x108 1x107 1x108 1x10° 1x101° 1x10™""!
w
fig..5.3.2.4.2
Phase
T 1 I I
=
2._
5\ B -.—-.—_.-.-.
2 0
._2—
| ] 1 I
1x10° 1x107 1x10° 1x10° 1x1010 1x10""!
w
fig..5.3.2.4.3

Block diagram of the difference equation algorithm for a second order system
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Sequence of the state function

fig..5.3.2.4.4

6x10
2x10°
Glp4
K 3
- - 2x10
_6x10° | ' '
0 11078 241078 3x10”
Nsqw;
fig.:5.3.2.4.5
Spec4dx = FFT(Y4)
Amplitude Spectrum
test max(TSpectle

100, #
lSpec4xk|
L 5/ -

O III”HIIHJ ------ L I
0 5x10°  1x10°
K fSSQW
NO
fig.:5.3.2.4.7

8
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Sequence of the response

T
50 Ttest ]

o o

0 1x10~8 21078 3x1078

Nsqw,

fig.:5.3.2.4.6

Phase spectrum

st

2F

Spec4
ol < —
—2H .

o 4 1 ]
0 1x10°  2x10°

" fssqw
NO
fig.:5.3.2.4.8




5.3 Equivalent Digital Low Pass Filter (lI°order)
5.3.2.5 (single tone) Sequence of the AM Signal response.

u77k = v2;(namk, wmam »we -A1,B1) (5.3.2.5.1)
W
oo = 003828 - igea S0 € -10 N o sem
sec sec Wmam fsam Ts
Spec77 := fft(u77) (5.3.2.4.2)
3-T
mam
1= 0Tmam->0 Tmam * 1000 " 'mam
Sampled Signal
20, T T T T
test
IO AT
L Ll ’ l 1 ' ’.%ll ’
v2i(t, wmam., We, Ale,B1) 0 -;ln i z|| 1‘| I I|| |1| i i||
volt 10
+20 I | i |
0 1x1077 21077 3x107 7 4ax10”’
namk,t
fig.:5.3.2.5.1
Amplitude Spectrum
T T I I
fc*fmam ( )_
50k ' max]\ | Spec77]|
|Spec77k| 40} i
L
20 &
o | ISSP FOURURSPOOVRNONY FPPET unlﬂlj ‘lillm!hl..;
4107 5107 ex10’  7x107
k_fsam
NO
fig.:5.3.2.5.2
2.
Place Tg,= Team Tq = 6.831-ns Wemp = =
s
ur7y
v5i(v) = (5.3.2.4.3)
vV
svsr5 := CANONIC2LP(V5;,A5,¢ ,ws , Tg,NO) (5.3.2.4.4)

svsrS = (-17.135 2.242 2.956 {256,1} {256,1} 2.309)
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ab :=svsrbg o b5 :=svsrdp 1 €5 :=svsrdp, 2 Glp5 = svsrbg 3 Y5 :=svsr5g 4 d5 = SVSIdp,5

ab = -17.13472986 b5 = 2.2424068406 ch = 2.9558798269 d5 = 2.309
you get the following result for the t. f. as a function of z:
-6 ad )
Ty =6.831x10 ~-ms H|p(z) = if ¢ # wg (5.3.2.4.5)
-2 -1
z “-bb5z +cb
e otherwise
e 2
(d5 -z )
Ag-w
Wiipp.= 20-109( 2 » ]

BODE PLOTS (Low Pass (lI° order)):

Frequency Responses for sampling period Tgam

Magnitude in dB of Wlp compared with Hlp

40 T T 75 PR
W I Bl IR smpW1|p-p-—dBSQd
20 \
N
= '\.
- 20 ™ .
‘.
‘.
_40— ‘-\._
1 i 1 %
1x10° 1x107 1x108 1x10% 1x1010
w
fig.:5.3.2.6.3




2_.
i j'w'TSD
arg 2
_lp or
arg(Wlp(j u))
=2 |
1
1x10° 1x107 1x10° 1x10° 1x101¢
w
w
fig..5.3.2.5.4
Block diagram of the difference equation algorithm for a second order system
fig..5:3.2.55
Sequence of the state function Sequence of the response
6 T T T
4_ —
2r
Glpskou |l'|||||]|: ‘ Y5k
1 T g|||||“||c||||||'-
-2F
_4 i i '*60 1 1
0 11077 2x1077 3x1077 0 21077 4x107’
nam, nam,
1ig..5.3.2.5.8 ; 1ig.:5.3.2.5.7
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_
Spec5x := FFT(Y5) max(lSpechl) = 12.148

Amplitude Spectrum
T T ’ For - T f fmax{ﬁlﬁﬁc‘r}
¢ 'mam ct'mam
101 7
lSpechk| I .
i 5
0 L | U I P [ S iy nl'||||l|||ll .|||1|.,|“l1|.:..
4x107 5x10" 6x10" 7%10"
f
., _sam
NO
fig..5.3.2.58
Phase spectrum
4 T T r
c

9(Seectx) z”"'”fll 1l ””lml’llm le]HHHlHHHIH ””““*"_
] L

_2
_4 I 1
0 2x10” 4x107 6x10"
k. fsam
NO
fig.’5.3.2.5.9
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5.3 Equivalent Digital Low Pass Filter (ll°order)
5.3.2.6 Sequence of the (single tone) Frequency Modulated carrier response.

4 krads Grads
A¢n = 0.02V me = 8 w =1.916x 10 - w. = 0.383-
fm f mfm A Seh c Soc
V. nfmg , w.,w JAfn,m
52 fmsl( c>*mfm > fm f) (5.3.2.6.1)
volt
Spec_9 := fft(u_9) (5.3.2.6.2)
Sampled Signal
0.02 ' T T T
1 \“\
u—gk 0 I | Lt i
i Il
-0.010|
-0.02 l ! - :
0 %1077 24107 310"’
nfmk
fig.:5.3.2.6.1
Place ,:!,-\s,:: Tsfm T. = 1.45.ns W . 2—73
S /W\&mpv Ts
v6;(v) := u_9, (5.3.2.6.3)
svsré = CANONICZLP(VGi JAE G Wp ,TS,NO) (56.3.2.6.4)

svsr6 = (-0.772 2.051 1.129 {256,1} {256,1} 1.278)

ab :=svsrbp g b6 :=svsrBg 1 c6:=svsrBp 2 GIpb :=svsrBy 3 Y6 :=svsiBp 4 d6:=svsrbg 5

a6 = -0.77160494 b6 = 2.0514403292 c6 = 1.128600823 dé = 1.278

you get the following result for the t. f. as a function of z:

Tg = 145x 107 °-ms
Hip(2) = ok if ¢ wg (5.3.2.6.5)
e =
z "—-b6-z +c6
o otherwise
(a6 -2"")
Ag-w
W1Ipp Je= 20-109[ 2 J
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BODE PLOTS (Low Pass (lI° order)):

Frequency Responses for sampling period Tgim

Magnitude in dB of Wlp compared with Hlp

40

TS
2 e ——— EEii s R EEE thp"" -
! | \ 1
= ol [ . I - ‘ SIS el 6l J
=] } I |
=20 T | HH *~,
- 40 I l ! I n'T
1x108 1x107 1x108 1x10° 1x1010
w
fig..5.3.26.2
Phase
R / o i
f | _‘,X '
o~ ® 3
3 i "Qn - e &
3 0
gl |
| s . | 1 1 &
| N | L
1x108 1x107 1x108 1%10° 1x101°
w
fig.. 532863

Block diagram of the difference equation algorithm for a second order system
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Sequence of the state function

Specbx

0.02
L‘Spec(5>ck|

0.01

fig..5.3.2.6.4

Sequence of the response

2x10~ 4x10”
nfmk
fig.5.8.2.6.5 fig.:5.3.2.6.6
.
= FFT(Y6) max( |Spec6x|) = 0.029 (5.3.2.6.6)
Amplitude Spectrum
[ \
' i ' max| |Spec6x|)
,‘..Jj.||’ [1‘1‘||I|H(I“I111. !
0 5x10" 1x108 1.5x10°
f
o 5m
NO
fig.:6.3.2.6.7
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Phase spectrum

4 T

fC
2| | 1
arg(Specéx, ) o ‘ 1 ‘ e o
5 0
_.2 L
-4 = i
. 5x10" 1x10° 1.5x10
k. fsfrn
NO
fig..5.3.2.6.8

Frequency Responses for sampling period Tgy,

Magmtude in dB of Wlp compared with Hlp
er[: :

40

P rmr—

dB
o

- 20

1 i !
-40 ' R R
NI

1x10° 1x107 1x108 1x10° 1x1010 1x10"1

W

fig.:5.3.2.6.9
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5.3 Equivalent Digital Low Pass Filter (ll°order)
5.3.2.7 Sequence of the (single tone) Phase Modulated carrier response.

Grads
Mrads A =0.02V 2-m-f, = 0.383. Grads
w = (6651 pm c W = 0.383-
mpm o ek . sec
Ve NPMK, W, w JArm M
my =8 u_10k := pm( c:“mpm-Apm"p) (5.3.2.7.1)
volt
Sampled input Signal
0.02F ' ' ' T
0.01F * !
Li_'lOk 0
S o0 ] -
—0.02t I L ! 1
0 2x107 8 4x1078 6x10~ 2 8x10~ 8
npm,
fig.:5.3.2.7.1
Place Jg:=T w £
ace w8 'spm TS = 0.362-ns Awn&mp.= —T——
S
v7;(k) := u_10k (5.3.2.7.2)
svsr7 := CANONIC2LP(v7;, A5, (w5, Tg,NO) (5.32.7.3)

svst7 = (-0.048 2.013 1.018 {256,1} {256,1} 1.069)

ar :=svsrig, o b7:= svsr/g, 1 C7:=svsi7g 2 Glp7 = svsr7p,3 Y7 :=svsr7g 4 d7 := SvsI7q 5

a7 = -0.04822531 b7 = 2.0128600823 c7 = 1.0176826132 d7 = 1.069

you get the following result for the t. f. as a function of z:

Tg = 0.362:ns Hip(2) = s if ¢ wg (5.3.2.7.4)
-2 ~ 1
z -b7z +c7
a7 :
otherwise
~1)2
(d? 2 )
Ac-w
Wiiop.= 20-109( 2 SD
4
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BODE PLOTS (Low Pass (lI° order)):

Frequency Responses for sampling period T

spm
Magnitude in dB of Wlp compared with Hlp
T LR T
200 s — \ | Wl = 4B
| | | ‘\ | p
@ Gl | . 61 N OO 1 \\i,:. L i
= | | ~. | | ;
‘ ! i .
-20— | ' ‘ R ‘ i W
— 40 | ol a Wi A
L] | R | l%
1x10° 1x107 1x108 1x10° 1x1010 1x1011
W
fig.:5.3.2.7.2
Phase of Wlp compared with Hlp
] 8 P A R AP
o) R | o = |
%_ 0 | T | 1 i J ! e "
_2— - ‘ ! j | ‘
S I A
] 1 ! 1 | i ] | ! J
1x10° 1x107 1x108 1x10° 1x10
w
1ig..5.3.2.7.3
Sequence of the state function Sequence of the response
15 T | 04 T T
Y7k
1
-10 A : -06 - :
0 41078 8«07 8 0 41078 g«1078
npm, npm
fig..5.3.2.7.4

fig.:5.3.2.7.5

Block diagram of the difference equation algorithm for a second order system
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fig..5.3.2.7.6

————>
Spec7x := FFT(Y7) max( ISpec7xf) =0.117 (5.3.2.7.5)

Amplitude Spectrum

I I T

e
max( |Spec7x| )_

0.1 ‘
J’~Spec7’xk|

0.05f

1 1

0 2108 4x10° 6x10°

I
. spm
NO
fig53.2.7.7

Phase spectrum

frest

AR

Spec?
frg( pec xk)

= O = N W A

U

I
N

0 5x10° 1x10°

fspm

Jott

NO

fig..5.3.2.7.8
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Frequency Responses for the sampling period Tspm

Magnitude in dB of Wlp compared with Hlp
& T TR T
20 By E——
1 LU N
2 | | \
_20 |
40— |
1x10° 1x107 1x108 1x10° 1x101° 1x10""!
W
fig..5.3.2.7.9
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5.4
Synthetic Division Algorithm To Generate The Transfer
Function Sequence. Output Produced By A Discrete
Convolution .

Given the Z transform of the system's transfer function

A
s 1 )
H|p(z)— o = if C#wg (5.4.1)
Z —B1'Z +C1
Aq
otherwise

W‘] 2

(01“2 )

it is possible to obtain the sequence of the pulse response by a synthetic division of the z transfer function.
Once defined the orders of the Numerator Npum:= 0 and of the Denominator of the t. f.: Mgen = 2, then

proceed with the calculation of the coefficients corresponding to the chosen sampling frequency:

2. 2 2
Ay = Ag-wg™Tg By:=2(1+¢Tg) Cq:= TS-(w5 -TS+2-§) +1 Dy = Tgwg+1
N1:=Nym+M y,=1.N0-1 (5.4.2)
AN num den MW

Define two vectors with NO rows, namely: "b" for the coefficients of the numerator and "a" for the coefficient
the denominator:
Numerator Coeffs.  Denominator Co eff.

by = 0.0 ay, =0.0
bo = Aq 3= [Cq if C # wg ag = 1.018
9 (5.4.3)
D4 otherwise
b1:=0 a1:=[-Bq if (= wg a1 =-2.013
-2-D4 otherwise (5:4.4)
D=0 a2 =1 az =1 (5.4.5)
Then write the algorithm for the synthetic division:
]
bo" 1 i
N1=2  hg:=0" hgi=— gt ) hy_i-aj 546
k 0 an v a0 v Z ( v—i |) ( )

i=1

The output as a response to an input signal can be obtained by a convolution integral as follows:

v |

y30, = Z (if(v -k = 0,h-uty_,0)) (5.4.7)
k=0
Now, to save space when applying the previous algorithm, it is convenient to call the following program

("SYNDIVC" acronym of: Synthetic Division and Convolution ), it calculates the coefficient of the Z t. f. with
correct sampling period linked to the signal bandwidth:

[¥] SYNDIVC
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5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.1 Sequence of the voltage Step response.

Unit Pulses Sequence.

ulqyp =5V
: bl |8I ' V,
4 I ] ’
o 111
] i 1
-10 0 10 20 30
k
fig..5.4.1.1
u1i
Tesp = 163018 comvt = SYNDIVC( 7,5 35 Testp NO) 5411

convl = (-0.987 2.058 1.157 {256,1} {256,1} {256,1} {256,1} 27.225 32.194)

a0 :=convlg 3 b0 := convig .4 h:=convig s y10 := convlg e SO :=convlg 7 EO:= convilp g

T. F. Numerator coefficients:

a0 =D 1 2 3 4 5 6 7
0| 1157] -2.058 1 0 0 0 0

T. F. Denominator coefficients:

bo' = 0 1 2 3 4 5 6 7
0| -0.987 0 0 0 0 0 0

Impulse response sequence

B = 0 1 2 2 4

0 -0.853 <1,518 -1.963 -2.18

Transfer Function Sequence

2 T 1
1+ =]
0 i n!””“lll IR
h, ’|* i
i =1 [ i
— 2 ~|
_ 3 1 I
0 20 40 60
k
fig..5.4.1.2
Stability (S3<): S0 = 27.225

Energy of the sequence h3: E0 = 32.194
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20:Te 0Ty oy
1000

J&Z= O‘Ttest,o-Ttest-f- £ 20T5

Step response of the I1° order Low Pass Filter

fig.:5.4.1.3
Vpp =5V
Input Sequence Sequence of the convolution
D ) T ¥ T I \/
pp
4 - -H
ul K
L 20T
0
0 10 20 30 40 50
K nstpk ot
fig..5.4.1.4
fig.:5.4.1.5
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5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.2 Sequence of the Short Voltage Pulse response.

conv2 := SYNDIVC(u44 A5, ¢, w5, Tgyp ,NO)

(5.4.2.1)

conv2 = (-43.865 2.388 5.774 {256,1} {256,1} {256,1} {256,1} 11.593 67.932)

a2 := conv2p 3

T. F. Numerator coefficients:

b2 := conv2p 4 h2:=conv2g 5

y11 := conv2g ¢

a2! = .0 i 2 3 1 4 5 6 7
0 5.774| -2.388 0 0 0 0
T. F. Denominator coefficients:
b2' = 0 1 2 3 4 5 6
0] -43.865 0 0 0 0
Impulse response sequence
h2' = 0 1 2 3 4
0 -7.597 -3.141 0.017 0.551
Transfer Function Sequence
2 1 T
O |
hz, <4y p
i =4 7]
— Bk .
Wik 8 1 [
0 5 10 15 20
k
fig..5.4.2.1
4.1
= 9, _2. e
t=-2 Thw > 2 Tow + 5000 " 2 Tow
Input Sequence. Sequence
T T T 20 T T
T T5+‘pr Ty Tt
6 = —
' I Vpp 0
f O 111111
u44k o J o 3
L Vst =0
0 : _
-40 | ‘ =
-2r : | 1 - 7 4 | A5 VDD
- 5x10 0 5x10 110 0 5x10™ 7 1x10”
Nsvp t
fig.:5.4.2.2 fig.:5.4.2.3
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Spec1ix:

= fft(y11)
Amplitude Spectrum

1501t
|Spec1 1Xk’ 100
L

50

imax( |Specti x|’)

||“Ilu| ”l flHbi el g TP

0
0

1x10" 24107

fsvp

fou
NO

fig..5.4.2.4
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4

2
Spec11
Larg( pec xk) 0

—2

=7

Phase spectrum

210" 4x107

fsvp

e
NO

fig..5.4.2.5



5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.3 Sequence of the Sawtooth response:

udb

conv3 := SYNDIVC[——G— A5 ,Q,ws,Tssw,NO) (5.4.3.1)

convd = (-0.011 2.006 1.007 {256,1} {256,1} {256,1} {256,1} 35.693 6.382)

a03 :==convig 3 b03:=convig 4 h3:=convlg 5 y12:=conv3g, g

T. F. Numerator coefficients:

203" = 0 12 3 6 7
0 1.157| -2.058 1 0 0 0
T. F. Denominator coefficients:
bo3' = 0 1 2 3 6 7
0 -0.987 0 0 0 0 0
Impulse response sequence
h3' = 0 1 2 3 4
0 -0.853 -1.518 -1.963 -2.18
Transfer Function Sequence
2 T T
1 L —
0 i I I [ I I | I | | ;
B
K E
S
-~ -
_ 3 | |
0 10 20 30
k
fig.:5.4.3.1
Input Sequence. Output Sequence

I
test Vi

PP

n
SWk

fig..5.4.3.2

115




Spec12x := fft(y12)

Amplitude Spectrum
[————>

R max| [Speci2x
100
'Spec12xk| .
.L 50_
0 “Illnnu..,.l.... S
0 2x10% 4x10® 6x10®
fssw
NO
fig.:5.4.3.4
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Phase spectrum
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5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.4 Sequence of the Bipolar Square Wave response.

v11;(k) = sqwk (5.4.4.1)

convé = SYNDIVC(sqw ,As ¢ ,ws s Tssqw - NO) (5.4.4.2)

convd = (-0.011 2.006 1.007 {256,1} {256,1} {256,1} {256,1} 35.693 6.382)
a04 := convdg 3  b04 := conv4g 4 h4 := convdg 5 Y13 :=convdp e

T. F. Numerator coefficients:

T o o s 4 5 6 7
o[ 1.007] -2.006 1 0 0 0 0

T. F. Denominator coefficients:

T : =
b04' = 0 1 2 _ 3 4 5 6 7
0 -0.011 0 0 0 0 0 0

Impulse response sequence

0 -0.011 -0.021 -0.032 -0.042

Transfer Function Sequence

Output Sequence
50 B T I i ]
y13k
1
Vosqw(t) 0
L
Vsqw(®

-50

i 1

0 1108 241078 3x10”
t

8

Nsqw, °

fig..5.4.4.3
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Spec13x := fft(y13)

Amplitude Spectrum
f I [}
est
; max(|Spec1 3x|)_
200
‘ Spect 3Xkl
L 100 1
O m 1 !
0 1x10°  2x10°
i fssqw
NO
fig..5.4.4.4

118

Phase spectrum

4 T T
est

2

Spec13
frg( pec xk) 0

0 510°  1x10°

fssqw

NO
fig..5.4.4.5
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5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.5 Sequence of the AM (single tone) Signal response.

conv5 := SYNDIVC(u_7 A5, ws , Tgam s NO)

convs = (-17.135 2242 2956 {256,1} {256,1} {256,1} {256,1} 13.627 55.912)
b05 := conv5g, 4 h5 :=convdg, 5 y14 := convdg 6

(5.4.5.1)

a05 := convdg, 3

T. F. Numerator coefficients:

-
a05' = 0 i 4 5 6 7
0 2.956| -2.242 1 0 0 0 0
T. F. Denominator coefficients:
b05T _ 0 1 2 3 4 5 6
0 =17.135 0 0 0 0 0
Impulse response sequence
. _
hs =p b o8 : 3 :
0 -5.797 -4.398 ~1.375 0.445
ey 0
Mom = 55-%
Transfer Function Sequence
2 T T
- L
!
h5I< o .
&L
el 2
_ 6 | |
0 10 20 30
k
fig.:5.4.5.1
Input Sequence. Output Sequence
20-Dt T T T 60 T T T
st A1+B1
40
20
yi4, o
-20
-40
o 20 l i | _ 60 1 | 1
0 1x1077 2x1077 3x107 7 0 1x1077 241077 3x107 7
namk namk
fig.:5.4.5.2

fig.:5.4.5.3
119




Sampled signal:

Amplitude Spectrum
[

o c%%$%%}#*ﬂ

1501

‘Spec‘t 4xk| 100
i

50 ‘
0 | . seediosntid lI”Et%‘l hhll hilll .....
7 T
4x10°  5x10 6x10 7><10
f
k. sam
NO
fig..5.4.5.4

Spec14x = fft(y14)

arg(Spechk) 0

£

120

(5.4.5.2)

Phase spectrum
4 T

fc“ﬁﬁérmm*'
y :

_2
A4 1 | i 1
0 2x10° 4x10" 6x10’
f
K sam
NO
fig.:5.4.5.5

O—h




5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.6 Sequence of the (single tone) Frequency Modulated carrier response.

v13;(k) = uBk (5.4.6.1)
convé := SYNDIVC(u8 A5, w5, Tgfm - NO) (5.4.6.2)

convé = (-0.772 2.051 1.129 {256,1} {256,1} {256,1} {256,1} 28.99 30.554)
a06 := convég 3 b06 := convBp 4 h6 := convBg 5 y15 := convbo, 6

T. F. Numerator coefficients:

-
506 = 0 1 7 3 4 5 6 7
0| 1.129] -2.051 1 0 0 0 0

T. F. Denominator coefficients:

-
b06 = 0 1 2 B 4 5 6 7
0 -0.772 0 0 0 0 0 0

Impulse response sequence

4
hG' = 0 1 2 3 4
0 -0.684 -1.243 -1.653 -1.904

Transfer Function Sequence
1 T T

L

]"I N

|~
|
-
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Input Sequence.

0.020 T
H Wi H L
u8, 0‘1|H'¢"'iliwll'|
* T
=0.01F I
-0.02 : . ;
0 5x10" S 1x10™ 7
n*fmk
fig..5.4.6.2
mf =8
Amplitude Spectrum
1 HE= A
fe fna‘xUSp'emS'x”
04r -
Spec15x i . i
fEeeed bl ,
01k
o |.H‘ lu Il||“_|”|l|.l. . 1
0 5x107 1x10® 1.5x108
f,
L)
NO
fig..5.4.6.4
Asn-Ag = -0.2V Wnfm = 0.019-

Spec15x := fft(y15)

Grads
sec

122

Output Sequence

_02f 4
~04 ' '
0 5x10°8  1x10” 7
nfmk
fig.:5.4.6.3
(5.4.6.3)

Phase spectrum

f. '

1 -
arg(SpeC‘lek) 0 [l % hll || BT T o
i [ ”

-2k _
= i
0 1x108
. Sfm
NO
fig..5.4.6.5
A5 =-10 mf =8




5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.7 Sequence of the (single tone) Phase Modulated carrier response.

vi4;(K) := u9 (5.4.7.1)

conv7 := SYNDIVC(uQ A5,6,w5: Tepm: No) (5.4.7.2)
conv7 = (-0.048 2.013 1.018 {256,1} {256,1} {256,1} {256,1} 45268 13.507)
a07 := conv7p 3

b07 := conv7g 4 h7 :=conv7p 5 Y16 := conv7g.6

T. F. Numerator coefficients:

i
a07 = g b 2 3 4 5 6 7
0| 1.018] -2.013 1 0 0 0 0

T. F. Denominator coefficients:

T
bo7' =L | O 1 2 3 4 5 6 7
0| -0.048 0 0 0 0 0 0
Impulse response sequence
T %
W' =fe i 8 r i e T 2
0 -0.047 -0.094 -0.139 -0.182
Transfer Function Sequence
0.4 g ) T
0.2
h7,
L -027
-0.4H8

Sampled signal: Spec16x := fft(y16)

Input Sequence. Sequence
0.02B : T T AIID 0.03 T
0.02f 1
L] | m 0.01F | .
U___gk 0 y16k 0
-0.01r .
-0.01
\ —0.02F <
~0.02- : ! : -0.03 :
0 51078 1x1077  1.5x107 7 0 o
nfmk nfmk
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fig.:5.4.7.2

0.06
|Spec1 6xkl 0.04
L

0.02

0

we = 0.383:

Amplitude Spectrum

14

I~ ma)él'l“S'pec116x|( J

h“lnl“l“m Lnidin I
2108 4x10®  6x10®
- fspm
NO
fig.:5.4.7.4
Grads "
sec mpm

= §0f7-
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arg(Spec1 Bxk) 0

£

Grads
sec

fig.:5.4.7.3

Phase spectrum

4

2

_2
_4 | 1 1
0 2108 4x10% ex10®
f
T
NO
fig..5.4.7.5




5.5
Search of the discrete time sequence of the output by a

discrete convolution

Js.= Tssw

2

m:z A5-w52-TS ABNQ\/:: 2-(1 + CTS) &&13 TS-(L\JSZ'TS + ZC) +1 MQ&:= Ts-ws +1

The sequence corresponding to the transfer function

Ao .
H,p(z) === = if =+ wsg (5.5.1)
z “-Bgz +Cy
A
E otherwise
=1 2
(Do-2")
can be found using the "invztrans" MATHCAD's operator as follows:
AO = AO BO = BO k:=k CO = CO
First case:( # wg
Ag
hlk := invztrans ,z .,k — (6.5.2)
-2 -1
z “-Bgz +Cy

= -

k-1
2
Bp - /B -4.C k A
hik := ( L 9 0} -(2-00—802+80‘ fBozﬂ—4-Col T (l) 3 -
CO 2 (COZ
k—1
[By? - 4-C
Ba+./Bn —4-
0 0 0 2 [ 2 )
+( CO } (BO “2'00"'80' BO —~4‘CO

Second case: ( = wg

AO = AO DO = DO K= k

A
hilg = e invztrans ,z .k —

(Dg-2")

1 k

Do

hilk =
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2
By-./Bg -4-C , 2 2

By (B A

K3 = | 2 VO s K = (Boz-z-cowo- By® -4-B4
Co
Ag
K5 = if|  # wg, e = ,0
(CO B -4.64)
k-1 k-1 1K
hy = | (K17 K2 + K3 Ka). (E) K5| if C#wg (5.5.3)

AgDy @.(k+1) otherwise

The result is the sequence of the impulse response, here depicted:

Sequence of the Impulse Response.

3 = | ‘
0 100 200

fig.:5.5.1

The Output of the Digital System is given by the discrete convolution between the discrete time

input signal (the discrete time sequence of the sawtooth wave for this example) and the discrete
impulse response of the System:

v u55y_k
=1..NO-1 15, = iffu—k = 0,h1k- ,0 5.5.4
L MR kZO ( [V k—y D ( )
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Input Sequence.

7l
fest

u55k ______
£
_5t .
0 21078 4x10”
n
SW)
fig.:5.5.2
Response Output Sequence
! 5’]‘ ! : 57 :
@
= 20 20
=}
8 0 y15, 0
= L
B 20
S ~20
— 40 ! 1 I L
0 2108 4x107® 0 2«08 4x1078
time as multiple of T nSWk
hig5.5.9 fig..5.5.4

Knowing the sequences of any input u1y, and that of the impulse response h1, , one can obtain

N1-1 NO-1
the relative Z transforms namely : X;5(2) := Z (u1v-z_v) and Hjpg(2) = Z (h‘il,,-z~ U) . The
=0 v=_0

z-inverse transform of the product Ytp(z) = H|p5(2) -le(z), which corresponds to the convolution of

the two given sequences uly, h1, , provides the sought output.
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Example 1: voltage ramp as input::
Since the t. f. is already known, you just have to calculate the input's Z transform as follows:

Input Sequence
T ! I

Talid ]

80

10 15
v

fig.:5.5.5

(a2 ]

Vpp-z

(2= 1)

VonZ
results: Z(Vpp-v) =_PP >
(z-1)

Ve =V Vi=m,  Npst) ZIFans, v —»

PP

PP PR’

(5.5.5)

Output sequence corresponding to the z-inverse transform of the product H(z)Vi(z):

Vpp = Vpp Ag = Ag Bg:= Bo Co = Co 7 =7
First case:( # wg

invztrans ,z .k

2

y16yk = simplify ,max—>

— 2 4 '
Z —Byz +CO (z-1) ———

To simplify place:

2
Bn-2 Bn + /B —-4.C
K6 = 0 K7 = 0 0 0

(Co—Bo+1)2 CO
2
By~ By =46
K8 :z[(Boz—-Z-BO—CO+1)-/802—4-C0+K88] Koo N O ¥

Co

K88 := B - 2-Bg” +(1-3-Cg)-Bg +4-Co

K10 = [(2-30 _Bg2+Co~1)-/By> —4-Co+ K88] K11 := Cg-/Bo? —4-Co-(Co-Bg+1)?
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Resulting sequence:  y16k = (AO'Vpp)' E—T‘;—JF{ -K6 ... (5.5.6)
0~ "0

k
(1) k7% 1.ks
2

K11

k
(%) k9 1.k10
WL,

L - K11

Second case:( = wg

AO = AO DO = DU CO = CO Z=Z

Viop = Vb
) ]
invztrans,z ,k
. simplify , max
y16y := 5 5 4 kK —
(DO_Z”) (z-1) co!lect,(—D—{;]
collect,Aq -Vpp
8]
4 Kk
(D—) -(D0-1)-k+2~D0 (A )
B | e ~[-k(Dg-1)+2]| ¢ pp (5.5.7)
Dg 1 (Dg- 1) V
General result:
k
) (_;.) .(K7k’1 K8 - Ko* ! -K10)
= [ {Ag-Vppl: + -K6 if (#w 5.5.8)
Yo, (Ao pp) Gg—Bg+1 K11 e (
3 k-(D ~1)k+2D
Dg 0 0 Ag-V
—[—k-(DO - 1) +2] _____p_ps otherwise
Po (Po-1)
¢ = 0.018.5r2ds ws = 0.192. Crads Qs = 5.4
sec sec

Yo, = if(—vSat < Yo, < Vsat:Yo ,lf(yo <0.0-V, vsat,vsat)) (5.5.9)
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Sequenctial response of the filter to the ramp

0 TR | |
_ _HIIHM._ TH g
ka y 100 i B

i
Y _ o -]
0, —200
il
- 300 : ; ; 5
0 10 20 30 40
k
fig..:5.5.6
Example 2: Sinusoidal input:
2-T
AT 3 AT = 0.129-ns
NO -1
Z transform of the input signal: W = wiggt w = 0.383- Gsrads
ec
AT = AT W=w Vpp =5\

Vpp-z-sm(w-AT)

B o= Vpp — Vpp V

pp-sin(w-u-AT) ztrans ,v — 5
z" - 2.cos(w-AT)-Zz+1

Place: K2 := sin(AT-w) Cos(AT-w) = 1 - K22 J1-K2% = 0.999

K2 = K2 poles! :=1-2+/1- !'(22-2_1 +z 2 solve,z — 1-K2% K2
J1-K2% - K2:]
p1 := polesip p1 = 0.999 + 0.049j
p2 := poles14 p2 = 0.999 — 0.049;
Vpp-z-K2 . K2-Vpp-z 0 K2-Vpp-z
2_2.1-K2?z+1 (@1 —2)-(p1 mEi) (p1 —5)-(2—5)

(p1 —Z)-(p1 —p1)

R {1 i E—)]Kf"’pp

K2-Vpp-z i [

ZWZ“BO'Z_1+CO { Bo+ ’802—4-00} Bo— 802—4-COJ
Z SLZ =

o,
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} 2 } 2
_Bo—l- BO —4-00 q2 & Bo— BO ——400

2-Cq ' 2-Cq

g1 :

g1 = 0.996 + 0.032j g2 = 0.996 — 0.032]

Ao =[ 1 } Ao
(z-91)(z-92) L(z-a1) (z-492)] (a1-q2)

First case:( # wg

invztrans ,z ,using,v = k

simplify

y17k =

Ag-K2-Vp, { 11 :l z
1-q2)(p1-p1) LE-aD) (z-a2) ]| (p1-2) ~

—Z
e ra

(20 - p1)

Computing the corresponding sequence the result returned for the symbolic operation is too
large to be displayed.

gl :=ql p1:=pl Z=Z

n n
[ LIV ]invztrans %—u
(z-q1) (p1-2) p1-q1l

glt:=q1 pl=pl Zi=Z

[ ! =1 } invztrans — (_pl)_—qj__

@-a1) (z-p1) q1 - p1
ge =gz pt= pl Zi=2Z n:=n k:=k

n n

[ L ]invztrans R e

(z-9q2) (p1-2) p1-q2

g2 =42 pil =l Zi=2

—\n
[ LER } invztrans — —(—9-1);_(]22
(z-92) (z—p1) 42 - pt

yi7k =

K2. k .k (K Lk Kk —\K .
AgK2Vpp | pt*—q1* (p1) -q1*_p1 -2 (p1) — g2
)L at-pt  g1-p1  92-P1  q2-p1

= +
(q1 - q2)-(p1 - p1

—>

[=] Proof
Proof: Firstcase:( # wg

gl:=qg1 g2:=q2 p1:=p1 p1 = p1
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p1*— g1 (E)k—mk B p1k—q2k B (E)k—cﬁk z-(q1 _q2)-(p1 —2-2+5)

+ —— —— ztrans ,k — —
q1 - p1 q1-p1 92 - p1 q2 - p1 (p1-2)-(@1 -2)-(a2 - 2)-(z- p1)
e k Kk ] k k N
Z{mk—cﬂk 0 (p1) g1 _p1 g2 ~ (p1) ~ 92 } z-(q1 ~q2)p1 -2z« p1)_
ql-p1  q1-p1  92-P1T  q2-pi (01 - 2)-(a1 ~2)-(a2 - 2)-(z - p1)

parfrac,zﬁ> z-(q1 —q2)-(p1 —2-Z+a)
simplify (p1-2)-(q1 _z)-(q2—z)-(2*~a)

{ 2:{g1 ~ q2)-(p1 —2-Z +r—ﬁ) ]
(p1-2)-(q1 —2)-(q2 - 2)-(z-p1)

e —k e
Z{p1k—q1k+(p1) —_g1k_p1k—q2k_(p1) —_ngjl= pi(@1-92)
q1 -p1 q1 - p1 92 - p1 g2 - p1 (q1-p1)-(a2-p1)-(z-p1)_
pta1-a2)-(p1-p1)
(01 -q1)-(p1 - 42)-(p1 - 2)-(p1 - p1)
q1-(p1 -2-q1+p1
+ (~1Y- — ...
—(p1-qg1)-(q1 —?-(q1 - p1) .
q2-(@1-a2)-(p1-2-02+p1) _
(p1-2)-(a1 - 42)-(a2 - 2)-(a2 - p1)

+(-1)-

[] Proof

Second case case:( = wg

ATy = Ao'KZ-Vpp_ 1 . z invztrans ,z ,using,n = If_,
(P1o—p1o) (Do—z"1)2 (p10-2) simplify
-z
e
(7-— P1o)

Computing the corresponding sequence the result returned for the symbolic operation is too

large to be displayed.

1 z .

o= f 7

invztrans ,using,n =k —

[ |
invztrans ,using,n =k —

(Do—z”)z.(z—"a_o)
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AOKZVpp ‘Do(k+2)p1 -k-1 1 k (p1)k+2
p1-p1) | Dy"(Dgp1-1) 0) (Dg-p1-1)

p1-(k+2)-Dg— (k+ 1) ( 4 )k (5;)"*2
+ ) m— A
‘302'(”0‘5—1)2 i (00'5—1)2 !
[= Proof
Proof: Second case:( = wg
AO-K2-\—/~pp‘_D0-(k+2)-p1—k—1.(ju)k_ o2 “Ztrans’k_) Ag-K2:Vpp2>(p1-
(p1-p1) 922.([)0@1—1)2 Do) (Dgpt-1)° (Do-z—1)2-(p1—z)-(p1
p1-(k+2)-Dg—(k+1) 1\ (51)7
EES AN
Do>(Dg-p1 - 1) 0/ (pgpi-1) |
ZdAOKZEIEP.—D0~(k+2)-p1o—k—1{_LJK— (p10)"*2 "= AO-Kz-vpp-zz”.(pwz._;
(pto-pto) | Do*(Dgpto=1)? \P0)  (Dgpto-1)? (Dgz-1)>(p1-2)(p1-p
) ~p1—o-(k+2)-D0_(k+1)-[_1~Jk* (aia)
i 2 B
I DOZ'(DO'p1O_1) DO (Do-p'lo—'l)z 1
[«] Proof

General result:

K2. Eok K 1
y17g = AOKZVpp— 1 . (p1) —at if (#w
(p1-p1) |@i-ad| at-p1 k 5
T k k k T k
L) a1 en*-a2* (p1) -a2
| q1-p1 g2 - p1 q@2-p1
o otherwise

_DO-(k+2).p1 -k-1 ( 1 Jk (p1)k+2
|:E?_(Do,p‘] I 1)2 DO (D0p1 n 1)2
p1-(k+2)-Dg—(k+1) ( 1 Jk (’p—1)k+2

Do2(Dg-p1 - 1)2 (Do-p1- 1)2

Do

+

(5.5.10)
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y17' = 1 2 = 4 5 6 7
0 o| -0.054j| -0.16j| -03195] -0.53j] -0.79j| -1.101j
Sequence of the sinusoidal response compared with the input
100 T T
Im(y17,) = (.
i il
Vpp-sin(w-k-AT)
L ~ 50
- 100 : '
0 100 200
k
fig.:5.5.7
Bode plots:
Ag
Hinf2) = if ¢ * wg (5.5.11)
=T e
z O-Z + 0
Ag
otherwise
=y 2
(Dg-2"")
An-K2-V
13— PP _ 50355y
(p1-p1)
Ag=-10  20-log(|Wi(j- /w5 wsmp)|) = ~19-036
jrw T
HipgB(w) = 20-!09(‘Hlp(e S) )
w
RO e -
w5 W5 u-10"
M= 10° 10+ 5 ..10-U-w5
u-10 u-10 4.U
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BODE Plots of H(z) compared with that of W(jw)

T 1
ik | 2mRy y
Hipgs(w)
20 0-lob( || }-dB3.
5T (R ST R SO S 5 -10p(|Ag])-4B3gq
2L oF o
lpdB(@test)
20-log(|Wip (i w) | )~ 29[ ‘ .
40t | 4
1 g 1
1107 1108 1x10° 1x101° 1x10™1 1x10"?
W
W
fig..5.5.8
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5.6

The bilinear transformation

5.6.1 Z-transfer function of the 1I° Order Low Pass Digital Filter.

-1
) o y 1-
On the other hand, using the bilinear transformation: s = 3— z : (5.6.1)
Ts (14271
we get a new t. f. for the given system, in the z domain.
Grads
Ag = Ag wg = W C=¢ Tg=T wg = 0.192- o
5 [qas i)
substitute ,s = —- :
A5-w52 Ts itz
H4(z) := 5 | collect,z - (5.6.2)
S +2:(5+wg 3
collect,As-(TS-w5)
2 2 2
- 4 AT Fey
H2)= 2 (3 +1) 5 3 . -9 52S -
z—2+z"1- 2T ~uig ~48 4.Tg-C+Tg -wg" +4 Tg -wg -4.CTg+4
2 2 2 2
T wg —4-(Tg+4 Tg wg ~4.CTg+4
2 2
-1 Ar-To -w
Ha(z) = (2 *21) ; — 52 = 9 (5.6.3)
zZ “+z -

e
T rws =l Tt s

2 2
4-Te-C+Tg wg +4

-
2, .2
T s~ AT -4
Parameters necessary for the design of the digital filter:

Consider the sampling time  Tq = 1.708x 10” *-ps

2 2 2 2
o A5b.?5 .TS B ) ZTS -w5 —8
1 = .1 el
TR R Tt AT T4

aq = -0.0026847177 B4 = -2.005003071

result for the t. f. as a function of z'1:
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T g’ w40 +4

Nq =
T we 40T 4

N4 = 1.0060769577

Grads
W = 17.338.
S sec




2
=
g = Qi IS HA(z) = oy 2(2 s 1)1 (5.6.4)
sec zZ “+B1:z  +7q
If Q = uJ5
(]
5 substitute ,s = 3(1 —x)
X ws Tg \1+X
X=z Hip(¥) = Ag—— i
(s+w5)2 collect,x
factor
g .2 2
(A T w ) ~1
z transfer function:  Hy,(z) = il 5 8 (Z £ 1) (6.6.5)
. T AT T g T
( g w5~ ) S s W5t
(Ts'ws = 2)
2 2
Qqq = (As.TS 5 ) Tgwg+2
a 2 Bog =
(Tgws - 2) Tg-ws5 - 2)
(2-1 + 1)2
H4(z) =| |oq- - = if = wsg (5.6.6)
Z THPaZ +MH
2
_ (2_1 + 1) :
Qq1° otherwise
£ -
3 Ca 22) .

Now compare the Bode diagrams of H4(z) with those of Hi,(z) . To do that, the coefficients of Hjp(z) must
redefined with the given sampling time T. Therefore they are rewritten here below:

AQ = A5-w52-T52 BO = 2-(1 +(;‘TS) CO = Ts‘(“’SZ'Ts + 2-(.) +1 DO = Tg wg + 1
A0 = -0.01070921 B0 = 2.006060171 C0 = 1.0071310916 DO = 1.033
Hip(2) = o if = wg (5.6.7)
p ~3 -1
z “-B0-z +CO
S 3 otherwise
(bo-z")

137




BODE PLOTS (Low Pass (II° order)):

wsu R v

B e 20-U
20-U’20-U i

ok

Frequency response of the I1° order Low Pass Filter

T T T 28l [ T @sma L]
(e S N A
20-log\ |H4\e et N | %Q-Ia (|As])-as
) ol HH N L TR
20- : | N [ i .
m 20-1og(|Wip(i-3)]) “ N
(JoTs) | L I LS
20-log| |{Hp\e -30 T 1] i ' H
o | | M YD
10 <10’ x10® ax10®  1x10"®  1x10™
fig.:5.6.1
Phase Response of the II° order Low Pass Filter
: | i - wg T 1 T wsp
T B T A
L .
( JwTS)) 2 ‘ ! | i "‘: :
arg\H4\e ‘ |,. !
T | I 1
arg(Wip(-w)) o - ;
CRURTRNTREID | :
jrow-T ‘ [
arg(Hip(ej S))*'ZA | o | E !
_____ 1
IR \ y
_a ‘ i Ll L | :
1x10° 1x107 1x10% 1x10° 1x1010
w
w
fig.:5.6.2
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5.6 The bilinear transformation
5.6.2 Difference equations (li°order Low Pass filter). Canonical form.

(z_1 + 1)2

Z +B1-Z_1+’71

Y2(2) _ Y2(z) W1(2)
Xz W1z X(@)

H4(Z) = Q-

H4(z) =

Y2 _ =
W1((Zz)) = a1‘(1 +2-z 1+z 2)

Y2(z) = ay(‘l +27 ez 2)-W1 (2)

y2(v) = aq-((Ww1(v) +2-wli(v-1) +wi(v—2)))

W1(z) _ 1
X(z)

z_2+ﬁ1-2_1+w1
X(z) = (z_2+ 61-2_1 +W1)-W1 (2)

X(2) = 44 WA@) + B2 W@ +2 2-W1(2)

x(v) = Y wWiV) + By-wli(v—1) +wi(v - 2)|

The corresponding set of difference equations is:

B
) M - 1) - wl(w-2)
1 14 Y1

y2(v) = oq-(Wl(v) +2-wi(v = 1) + wi(v - 2))

wi(v) =

ag=0q  By=B1 =T

Z—>

5 — 2 (83
Z T. Initial value theorem: lim | oq- 12+ 2z +z N i -
z 2482 4yy) M

z—>0 »

| . B
Z T. Final value theorem: lim | oy Lo +1Z — oy
Z “+Bq4z  +74
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5.6 The bilinear transformation
5.6.2.1 Sequence of the voltage Step response.

Recurrence relations:

vi(v) = uty (5.6.2.1.1)

vi(v) - B wi(u = 1) -wi(v-2) !

1) wi(v): - if v>1 (5.6.2.1.2)
1

9
—-vj(v) if v=0
1

[vi(1)—s1-w1(0)] .
if v=1
Y1

aq-(WIW) +2wi(v = 1) +wl(v—2))) if v>1" (56.2.1.3)
aq-((W1(1) +2-w1(0))) if v =1

2) y2(v) =

aq-w1(0) otherwise

Same relations but vectorized: YW1 = 0.0

uly ]

volt Bq-W1y—1-W1y2

1) W1, := if v>1 (5.6.2.1.4)
1

utiq

B
e AR

otherwise
1

) Y2y = | o (Wl + 2 W1yt + W1y ) if v > 1"

oq-Wig if v=0

(5.6.2.1.5)

0 -(W11 + 2-W10) otherwise

[¥F] BILINEAR -

Block diagram of the difference equation algorithm for a second order system
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| -32 W,

W2 b,w ,

Input signal sequence

I I T I
“ ' i
4-- L
ul
it 2H
0 i
0 20 40 60 80
v
fig.:5.6.2.1.1
ui
Ag = =10 bl1 = BILINEAR(V ,As,q,w5,Tsstp,N0) (5.6.2.1.6)

bl1 = (~0.248 —1.959 1.058 {256,1} {256,1})

a00 :=bl1g,0 b00:=bllpg 41 ¢00:= bl1g,2 W00 := bl1p, 3 Y11 :=bl1g 4

a5 = —-17.13472986 b5 = 2.2424068406 c5 = 2.9558798269

Sequence of the state function Output Sequence
100 T T T T

woo 80
. 40

20

|
|

20 40 60 80 100
K
fig.:5.6.2.1.2

o
= T

o

i

0 110”7 90”7 A
nstpk,t

fig.:5.6.2.1.3
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5.6 The bilinear transformation
5.6.2.2 Sequence of the Short Voltage Pulse response.

-3
Tiegt = 16.394-ns Tsvp =1093.-ns T=5218x10 "-ps
Chosen Test signal period, Tiggt = 16.394:-ns L 0.061-GHz
Ttest
Short pulse sequence of amplitude Vi
Pulse Sequence.
6 1'5 ] T5-Il~‘pr I
‘- Vop
4— f !
u44k '
1
2—- —
l
0 i y
_5x107 7 0 51077  Ax10°°
Msvp0,,
fig..5.6.2.2.1
bl2 := BILINEAR(u44,As ¢, wg , Typ sNO) Ge22M

bl2 = (-5.764 0.102 1.204 {256,1} {256,1})

al1:=bl2g,0 b11:=bl2g 1 cl1:= bl2g . 2 W11 :=bl2g 3 Y22 := bl2p 4

a11 = -5.7635166 b11 = 0.101563937 c11 = 1.2038427013

Block diagram of the difference equation algorithm for a second order system
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fig.:5.6.2.2.

2

Sequence of the voltage Step response.

Sequence of w

4 T T T
Tsﬁpr

2 -

0
_ 2 3 | {!
g 0 5¢10” '  1x10”°

fig..5.6.2.2.3
Spec18x := fft(Y22)
Amplitude Spectrum

mai[ |Spect §3x| J
150

ISpeC'l 8Xkl 100
&

50

0
3

6x10°

0 2¢10° 4x10

(St
NO

fig:5.6.2.295
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Y22

Ywsat(?)

arg(Spec1 8x ) 0

"y

4

20

o

- 201

— 40

Sequence of the response

1

75 p5

HIHIIIIIIIIII\HIIIIIllllllllllllllllll!il s

+T5)

AsVpp

0 510”7 1x10

nSVpk 1

fig..5.6.2.2.4

Phase spectrum

-6

4 T T

2r

]

0 110° 2«10° 3x10°

stp
“NO

fig.:5.6.2.2.6




5.6 The bilinear transformation
5.6.2.3 Sequence of the Sawtooth Response

Sampled test signal

.
5 _,
Ttest
fig.:5.6.2.3.1
~ 191.627.M39S  gional bandwidth: |B 28x 10° :
Wg = : . iy ignal bandwidth: B, = 2.928 x 10°-MH fssaw = 2'Bgw
foequ = 5856 x 10°-MHz s = T
Parsevalg,, = 16.466 |Average1-volt = 0-\ RMS1-volt = 2.887 x 10°-mV
-8 Grads 1 Grads

Timet = 1.639x 10 °s = 0.018- Fre e Wy = 36.792-

test S SE0 ssaw (et ssaw sec
(Tg =3.03x107° Teeay = 1.708x 107 %s Ag =10 Qg = 5.4

fssaw T 016
T5 = 0033[1,8 P = 96 test = 0. ‘S
test
10
Ag = 10 bl3 = BILINEAR[E{I— As,C,w5, Tesaw ,NO) (5.6.2.3.1)
bi3 = (_2.685x 10°3 —2.005 1.006 {256,1} {256,1})
a22 :=bl3g, 0 b22:=bl3g,1 ©c22:=Dbl3p,2 W22 :=bl3g, 3 Y33 :=bl3p, 4
a22 = ~0.00268472 b22 = —2.0050030707  c22 = 1.0060769577

Block diagram of the difference equation algorithm for a second order system
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fig..5.6.2.3.2
Ag =-10 Sequence of the Sawtooth response. Qs = 5.4
T’{est = 0016[.1,3

3 Sequencent v Sequence of the response
4x10 T T
2<10°F -
~2x10%F
—4x10° i L
0 100 200
fig.:5.6.2.3.3 lswy
fig..5.6.2.3.4
Sawtooth Response
I 1 . T T I
test
50+ d
¥33
k il AS TIQSI—’-\/ .’
1 0 ----------- 2 i I R L ..m.....‘...__.._
u10k
_50k i
L | 1
0 1x10~ 8 2108 3,107 8
n
SW
fig.:5.6.2.3.5
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Amplitude Spectrum

1 I
>st

—_—
150} max( | SpeCOOX'D
|SPeCoox,| 100 -
1
50 -
0 ™ 1 1.
o 1x10° 2x10°
k.fSSW
NO
fig.:5.6.2.3.6

SpeCopx = ft(Y33)

——>
max(

arg(SpeCOoxk) 0

a2

|SpeCoox|
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Phase spectrum

?'s T T
I

?4: | |

0 1x10% 2x10°

fig..5.6.2.3.7

) 1534V
v




5.6 The bilinear transformation
5.6.2.4 Sequence of the Bipolar Square Wave response.

Test signal Sampled test signal
SIT& N NN PP S j
SqW,
Veqwb() Of| | Dy :
gwb
Vsqwb(t)
_5 - |— L.. b L |_ bt _5 | L
0 5x10° 8 1x107”7 0 2¢107% ax1078
t ”sqwkvt
fig..5.6.2.4.1 P YN
ig.:5.6.2.4.
bl4 := BILINEAR(sqw ,Ag ,C , w5 , Tssqw »NO) (5.6.2.4.1)

bld = (—2.685>< 10A3 -2.005 1.006 {256,1} {256,1})
a33:=bldg o b33:=bldg 1 ¢33 :=bldp 2 W33 := bldg 3 Y44 :=bldg 4

a33 = —-0.00268472 b33 = —2.0050030707 ¢33 = 1.0060769577

Block diagram of the difference equation algorithm for a second order system

fig..5.6.2.4.3
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ISpeCm Xkl
L

Sequence of the Bipolar Square Wave response.

Sequence of w

Sequence of the response

fig..5.6.2.4.4 fig.:5.6.2.4.5
Speme = fft(Y44) (5.6.2.4.2)
Amplitude Spectrum Phase spectrum
lest | : t‘ftest I :
Sl max(|8peco1x|)_ 2H 2
|
arg(SpeCo1xk} ol “
100} . L
—2F -
0 _hlﬂllmmu L 3 . '
8 9 —
0 5><10]c 1x10 0 5><108 1><109
2 L . fssqw
fi 'SNG;) 246 0,
LA fig.:5.6.2.4.7
—_—
max(lSpemei) = 230.965
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5.6 The bilinear transformation
5.6.2.5 Sequence of the (single tone) AM Signal response.

Test signal Sampled test signal
20 T
IR |1
V2;(t) u‘“Tk 0 | | 1ll |i||| |‘|||
o $-
-20 : , -20 :
0 1x10™ " 0 1x107 7
t namk
fig.:5.6.2.5.1 fig.:5.6.2.5.2
bi5 := BILINEAR(u_7 ,A5.,¢ ,ws  TsamNO) (5.6.2.5.1)
bl5 = (-3.277 -0.875 1.185 {256,1} {256,1})
ad44 :=bl5g o b44:=bl5p, 1 c44:= bl5¢ 2 W44 := bl5g 3 Y55 = bl5g 4
ad4 = -3.27707905 b44 = -0.8746131198 c44 = 1.1854447394
Block diagram of the difference equation algorithm for a second order system
bi}
- Wn Whp +
Xn “ Vo
+ L bgw +
‘ -l
- a1Wn-1 . azwn-Z .a Z - b b1 Wit bz W2
1 w 1
- n-1 +

z
bZ
. W“_2 bZ Wp2
fig.:5.6.2.5.3
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Sequence of the AM (single tone) Signal response.

Sequence of w Sequence of the response
16 T | 100 T
10 7 50+ =
5 l \ l ‘ | L4 Ll o
Wi ok \lm‘“l LI o [T 3
L H || |'l {||| T i]lml’“‘ L i j
_5 - 50
~10 ' ! ~100 !
0 21077 4x1077 0 1x107 '
nam, nam,
fig..5.6.2.5.4 fig..5.6.2.5.5
$P8Goi.= ft(Y55)
Amplitude Spectrum Phase spectrum
T T T 4 T | T
—_—
of M X(ISpemel) 2

arg(SpeCka) 0

4

[SPeCotx,| 20
L

10

0
7 7 7 -4

0 2x10 :x‘iO 6x10 0 2x1074x1076><107
Wit i fsam
fi '20 2.5 e
ig.:5.6.2.5.6 fig.:5.6.2.5.7

—
max(

|SpeCO1xl) = 32.497
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5.6 The bilinear transformation
5.6.2.6 Sequence of the (single tone) Frequency Modulated carrier response .

Test signal Sampled test signal
T 0.02 T
0.01}
u8k 0
L
-0.01 =
~0.02" :
0 1%10" 7
t nfmk
fig.:5.6.2.6.1 fig.:5.6.2.6.2
bl6 := BILINEAR(u8 ,Ag ¢ , ws , Tsfm »NO) (5.6.2.6.1)
bl6 = (-0.194 -1.974 1.052 {256,1} {256,1})
ab5 := bl6p o b55:=Dbi6g, 1 c55 = bl6g, 2 W5 := bl6p, 3 Y66 := bl6g 4
ab5 = -0.19414962 b55 = —1.9741133834 c55 = 1.0517732552

Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.6.3
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Sequence of the Frequency (single tone) Modulated carrier response.

Sequence of w

0.5
0
-0.5r 7
=l :
0 2:107 7
fig..5.6.2.6.4
Amplitude Spectrum
T f ¥
c
0.6 max(lSpeCOZXQ
04 -
0.2F I | ]
0 .}i L|||]||.“ui|h..l.
0 5107 1x10°
fig..5.6.2.6.6

Sequence of the response

0.6
0.4
0.2

0
-0.2

~-04

0 1x10”7 2x10° 7 3x10”

fig..5.6.2.6.5

SpeCo2x =t (Y66)

Phase spectrum

7

y lf"te t I ‘
2 ‘ =
OH”HI 1|.’lh 1 ‘ilzllllllillltllllllmlmngi
N
_40 5><|107 1;108 1_5;108
fig.:5.6.2.6.7
max(‘SpeCOZXD = 0.614

152




5.6 The bilinear transformation
5.6.2.7 Sequence of the (single tone) Phase Modulated carrier response.

Test signal Sampled test signal
7 0.02 |
ept
0.01
ugk 0
L
-0.01
-0.02
0 431078
t npm,
fig.5.6.2.7.2
fig.:5.6.2.7.1
bl7 = BILINEAR(UQ,A5 ,C,wg ,Tspm,NO) (56.2.7.1)
bl7 = (-0.012 -2.008 1.013 {256,1} {256,1})
ab6 := bl7g o b66 :=bl7g,1 66 := bl7p,2 W66 = bl7p 3 Y77 :=bl7g,4
a66 = -0.01211965 b66 = —2.0080797634 c66 = 1.0129276215

Block diagram of the difference equation algorithm for a second order system

fig.5.86.2.7.5
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Sequence of w Sequence of the response
1 T . 0.04 1 :

J o 104 0 4x10”8 8x10”
k npm,
fig..5.6.2.7.4 fig..5.6.2.7.5
SpeCO3x = fft(Y?T)
Amplitude Spectrum Phase spectrum
> 4 T
o max| |SpeCoay ) fest
0.08r- = 9
0.06f S
‘SpeCogxk‘ arg(SpeCOSxk) 0
T 0.04- & %
0.02 Tl \ ; : -2
od _hh.lll”““l Lilvrwe die o) i : ; ;
8 8 i
0 ST R 0 2x10% 4x10% 6x108
.fst fspm
NO e
fig..5.8/2.7.6 fig-5.6.2.7.7

PR
max(|SpeCOOXO = 153.4
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5.7

Synthetic Division algorithm (considering the bilinear
transformation).

Search of the sequence corresponding to the z t. f. knowing its numerator and denominator coefficients:

Ac-w 2-T 2 2-T 2-w 2~8
B8 '8 . § %5 )
Qg = G 1fg¢w5,62:: 5 if ¢#wg ,
Tg wg —4-CTg+4 Tg wg —4-(-Tg+4
2 2 2 2
Agl g T -we” —4
—58—52 otherwise Z-L——z otherwise
(Ts-w5 = 2) (Ts-w5 - 2)
2 2
Tg wg +4:CTg+4
'YZ T 2 2 if C == ws
T wg —4-(Tg+4
2
Tewg+2
Lij——)—z otherwise
(Ts-ws o 2)
Mrads =3
- = -173.884. = —-2.685x 10 Br = —2.005
C-ws sec &2 2
14272 14272
The zt.f. is: Hip(2) = op- , (5.7.1)
= |
Z + 622 + 'ﬁ{z
Numerator N :=2 Denominator M=
N1,= N+M
Numerator Coeffs. Denominator Coeffs.
Dy = 0.0" By = 0.0" h3y = 0"
]
by = OL2' ag = '\'2' ap =1
by = 2-(12' aq = |32. ai=1u :
b2 :mazl az =" arz =1 -
(] v g
bo L : 5.7.2)
N1 =4 h3g = . h3, = = b,,.mz (h3y-i-aij) (5.7.
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In this worksheet will be used the following program:

[¥] SYNDIVBL

5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.1 Sequence of the voltage Step response.

ul
Jen= Tsstp syndbl := SYNDlVBL(—\;— ,A5 G o ,Tsstp,No) (B.7.1.1)

syndbl = (-0.248 —1.959 1.058 {256,1} {256,1})

ab := syndblp o b5 :=syndblg 1 g9,= syndblp.2  h3 :=syndblg 3 Y24 := syndblp 4

ab = —-0.24783425 b5 = -1.9593019235 c5 = 1.0584356239

Pulse Response Sequence

oF T T
0 g
h3k
L
) -
i [}
0 100 200
k
fig.:5.7.1.1
40-T1 i i )
t:=0-71,—— .. 40 24, = if{v -k = 0,h3-ulyk,0 57.1.2
"'1000 T Y4y Z((U k-Ulp—k )) ( )
k=20
Vpp =g\
Digital Filter Input Sequence
T I ] {ihifaTs
4_.
ul
k i
i 2
0 : 0
0 50 100
k
fig. 5.7 12
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5.7 Synthetic Division algorithm (considering the bilinear transformation,).
5.7.2 Sequence of the Short Voltage Pulse response.

syndbl1 := SYNDIVBL(u44 A5, w5, Teyp -NO) (5.7.2.1)
syndbl1 = (-5.764 0.102 1.204 {256,1} {256,1})
h4 :=syndblip,3 Y25:= syndbl1g 4 {6.7.2.2)
Transfer Function Sequence
10 T | T T
5 l I . N
h4 0 |{ i : Ilil”li“““"h' .
M T
-5t | .
m 10 ‘ | 1 | |
0 10 20 30 40 50
k
fig.:5.7.2.1
i
T5+8-(pr+’i’5)— 1‘1'5
T5 = —131.154-ns t:=1-1g, T . 75+8(Tpy + T5)
Filter Input Sequence Response
F T 20 T
75 's 5
3 s ; ¥ B S L] |
i : i | ?.’. 10
ud4 R B ywsat(d
L 2 l T N ; . B
Il , 3 20
0] ] ' ] ] i : - 30k L 1 =
0 51077 1x107° 0 51071 1x10°
Nsvpy :
time as multiple of T
fig..5.7.2.2 fig.:5.7.2.3
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(15 =54
Filter Output Sequence
20 T

|

|

0 5x10
t

Y25

i
Ywsat(D) 40+

- 60

E
Nsvp, *

fig..5.7.2.4
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.3 Sequence of the Sawtooth response:

syndbl2 := SYNDIVBL(H? VO R NO) (57.3.1)
syndbi2 = (-2.685x 107 ~2.005 1.006 {2561} {256,1})
h5.:=syndbl2g 3 Y27 = syndbl2g 4 (67.32)

Transfer Function Sequence

0.3

Tt 2:T.
0.2+ test i’[est
0.1 ;
h5k 0
& -0.1
-0.2
-0.3-
0 2x10™ 8 41078
n
SW|,
fig.:5.7.3.1
Filter Input Sequence Filter Output Sequence
i ¥
S ost 2 Jrelpp Ttest 2 Ttest
| 20
uS5, Y27, 0
L BRE: il
- 20
- 8 _3 s -8
0 2x10 4x10 0 2x10 4x10
Nsw, Mswy
fig.:5.7.3.2 fig.:5.7.3.3
A5‘Vpp = -50V
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.4 Sequence of the Bipolar Square Wave response.

syndbl3 := SYNDIVBL(sqw ,A5,¢, w5, Tesqw NO) (5.7.4.1)

syndbl3 = (—2.685x 107 2,005 1.006 {256,1} 256.1})

h6,:= syndbl3g 3 Y26 := syndbl3p, 4 (5.7.4.2)

Transfer Function Sequence
0.3 T T

100 200 300
k
fig.:5.7.4.1
Filter Qutput Sequence
T ' I T : I I
50} test test _
2
Y26k
£ 0
SqW,
i
‘ - 50
= 6 : 8 : 8 : 8 | | 1
G CATT 0 1x108 21078 3x10”
n
ik Nsqw,
fig.:5.7.4.3

fig.:5.7.4.2
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5.7 Synthetic Division algorithm (considering the bilinear transformation).

5.7.5 Sequence of the (single tone) AM Signal response.

syndbl4 := SYN DIVBL( u_7,As,C,ws s Tgam:> NO) (6.7.5.1)
syndbl4 = (-3.277 -0.875 1.185 {256,1} {256,1})
h7 :=syndbldp 3 Y28 := syndbldg 4 (5.7.5.2)
Transfer Function Sequence
10 T T 1 T
5._ -
h7, o | i
— 5 =
;
~10 1 1 1 i
0 2 4 6 8 10
k
fig-:5.7.5.1
Filter Input Sequence Filter Output Sequence
20 T T T 100 T T
10 | ) 50 .
u’7. o | ' i Y28 0 W%M—W%
1
1o} | ! Loght  AgVpp
-20 : ' ' ~100 | :
0 21077 4x1077 6x107 ' 0 100 200
nam, K
fig.:5.7.5.2 fig.:6.7.5.3
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.6 Sequence of the (single tone) Frequency Modulated carrier response.

syndbl5 := SYNDIVBL(UB As5,C,ws, Tefm ,No) (5.7.6.1)
syndbl5 = (-0.194 -1.974 1.052 {2561} {256,1})
h8 := syndbl5g 3 Y29 := syndblSg 4 (5.7.6.2)

Transfer Function Sequence

2 T T T
1_
0] I llll”m‘hl” ||i||m-
h8
| L
~2r ]| g
_3 I | |
0 10 20 30 40
k
fig..5.7.6.1
Digital Filter Input Sequence Digital Filter Output Sequence
0.02 T 0.6 T T T
0.01f" \ ‘ l .
usg 0 | |. » : | I’ ‘
" H | | l’
~0.01 l
-0.02* ; : ~0.4 : ' :
0 51078 x107 7 0 1x107 7 2x1077 3x107 '
nfmk nfmk
fig..5.7.6.2 fig..5.7.6.3
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.7 Sequence of the (single tone) Phase Modulated carrier response.

syndbl6 := SYNDIVBL(U_Q Ag5,C, 95, Tepm> No) (5.7.7.1)
Bip— 8 syndblé = (-0.012 -2.008 1.013 {256,1} {256,1})
Afm = 0.02V h9 := syndbl6p 3 Y30 := syndbl6g 4 (5.7.7.2)
Transfer Function Sequence
0.5 T T
0
h9k
L _o5f .
_ 1 1 |
0 100 200
k
fig.:5.2.7.1
Digital Filter Input Sequence Digital Filter Output Sequence
0.02 TR 1Al e iTrest l
0.01 1 0

u 9k or Y?’Ok ;
L : -

: —-0.01

—-0.01p1 =
~0.02 a 1 ~0.02 : ‘
0 5x107° 0 41078 8x107 8
npm, npm,
fig.5.7.7.2 fig.:5.7.7.3

As-Apm = —0.2V
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5.8
Analytical search of the output sequence by means of the
residues method (considering the bilinear transformation).

Search of the sequence corresponding to the filter's t. f. using the residues method.
Numerator and denominator's coefficients of the z t. f.:

T = TSSt
9 B 2 7
i A5 s Ts if 2w W R o s N S
P T 24T, +4 s i e A
s w5 —4CTg+ s W5 —4CTg+
2 2 o
B iF T e wdd
—5—S—§—2 otherwise 2.L_5__§ otherwise
(Ts-w5—2) (Ts-w5w2)
T e T bl
Na = 5% if ¢ = wg
T w5 —4-CTg+4
2
Tawg+2
(—S——i—)E otherwise
(Ts-w5-2)
- g 7 Y O o = ~0.248 By = —1.959 o = 1.058
sec
1422 V4272
The zt. f. is: Hip(?) = op-— = (5.8.1)
& +(32-z + Vg
First case [ # waDefine the F10(z,n) = 2" " H,(2) (5.8.2)
function:
n 2
namely: F10(z,n) = ap- 23'(“1)2 (5.8.3)
AS-L + PoZ + T
¢ = e s o = A3 D05
sec sec

2:=2Z B =By Yo =2
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3 0
2
By B2 -4y
2 2
Poles calculation: poles1 := (12-23 + 62-22 + z) solve,z — sl 2 (5.8.4)
2
By B2 -4
2 2
12
2=z p0 = p0 pl = pl p2 = p2
C # wg p0 := polesig p1 := polesi4 p2 := polesia
2 2
Batyiip —4p Bp-B2 —412
p1 = - ,Q‘%A:m —
2.4 22
p0 =0 pl =1 p2 = 0.926 + 0.297]
t=t r := ceil(max( |poles1|))-1.0 r=2
£(t) :=r-cos(t)
P(t) := r-sin(t)
o) == £(H) +]-P(Y)
tin —to
tg:=0 t4y:=27 =10+ 1000 tin n=2
z plane Gauss plane, Hlp(z) , F10(z)
2 T T 2 | T T
b 0
ill . =
| I |
.m.(p.oes‘t) ol { ° . lm(H[p(cb(t)))
Im($b(t)) 2 e or
Im(F10(b (1) ,n))
—d= |
: i
- 2 1 1 |
2 -1 0 1 2 5 , . | 1
Re(poles1) ,Re(4(t)) -4 -3 -2 -1 0

fig.:5.8.1

Knowing the poles of the function F10(z,n), it can be written too:
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Re(Hip(¢ (1)), Re(F10(6(1) )

fig.:5.8.2




a2

2" (z+ 'I)2

F10(z,n) = = (5.8.5)
2 (z—p0)-(z—p1)-(z- p2)
The corresponding sequence is given by:
2
h10p=3%"  lim [(z-pj)-F10(z)] (5.8.6)
j=o “7h
o] 2 k 2
hence:  h10k= =37 iim |:(Z—pj)- 2 g } (5.87)
2 &y 2o (z=p0)-(z~p1)-(z-p2)
an | k 2 ]
or: h0c=—21 lim [(z—pO)- 2 sl ] (5.8.8)
12| =5 p0 (z-p0)-(z-p1)-(z-p2) | _
k 2
+ lim |(z-p1)- z (z+1)
z-spll (z-p0)(z-p1)-(z-p2)_
k 2 |
+ lim | (z-p2)- ZAE
z>p2l (z-p0)-(z—-p1)-(z~p2) |
o b k 2 ]
simplifying: 0= ——1 fim { z (z+1) } (5.8.9)
V2| z»>polL{z-ph)(z-p2)]
k 2
+ lim E iz l)
# -5.p (Z p0)-(z - pZ)J
+ lim Zk (2 1)
| zop2l(Zz-p0)(z-p1)] |
(1 p0=0
2. (z+1)? 22 z+1)
Calculation of lim f k=0 lim =
z 5.0 1L{z~-pl):(z—p2) z - 0LEz-p1)(z-p2)
P I=7 62 = 62 Y2 =9
k 2
fork>0 lim [ o) } . (5.8.10)
z»>0L(Z-p1)-(z-p2)
1 1 1
oy il 0)\ = (5.8.11)
O ntp2 p1-p2 g
(2) p0=0
k 2 k 2
’ : 1
Calculation of  lim { & (21 ] wPLARLE D)
z - p1 L(z-p0)-(z-p2) p1-(p1-p2)
k 2
= P1-(1+1) (5.8.12)

p1-(p1 - p2)

]
(]

(3) pO

167




k 2 k g
Calculation of  lim [ z-(z+1) ] - P2 (p2+1)
z » p2 L(z-p0)-(z-p1) p2-(p2 - p1)

_ p2“(p2+ 1)

(5.8.13)
p2:(p2 — p1)
The sequence is:
o k. 2
v Ly S ST - L - N (5.8.14)
Y2 | p1-p2 p1-(p1-p2)
, p2%(p2+1)°
p2-(p2 - p1)
{=] Proof (5.8.14)

Proof of (5.8.14):
the z transform of (5.8.14) should be the given z transfer function here rewritten:

H @)= g 22 % 8 @l W ad)

p(2) = 0 — - Sty ke

P r2ippr ey, Y2 2 P2 1 M2 @-p)-(z-p2)
12 Y2

z transform of each term of (5.8.14)
pl = pi P2 := p2
1 1

——-8(k,0) ztrans .k -» ———
p1-p2 p1-p2

k 2 2
p1 -(p1+1) R z-(p1+1)
p1-(p1-p2) p1-(p1-p2)-(p1-2)

k 2 2
P2 p2+ 1) ztrans ,k — Zilp2+ 1)
p2-(p2 - p1) p2-(p1—-p2)-(p2 - 2)

o k 2 o (p1+1)° z2(p2 +1)°
92 gl 1 s gy, PIRLE) =_g[1 21+ z(p2+1)

o | p1-p2 p1-(p1-p2) | Ao Lp1-p2 p1-(p1-p2)-(p1-2) p2-(p1-p2)-(p2-2)
k 2
4 p2--(p2 + 1)

p2-(p2 - p1)

1 aeplad)f i z-(p2 + 1)2 _ @1
p1-p2 pl-(p1-p2)-(p1-2) p2-(p1-p2)-(p2-2) (p1-2)-(p2-2)

g.ed.
[«] Proof (5.8.14)

Second case: [ = wg, To = 2-Tsstp

A5-T52-w52 Ts-w5 +2

=— Brqg i= —4m———
i (Tsws-2)° 217 [Tews-2)
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) 2
(' +1) . (5.8.15)
(2_1 + 821)

apq = —2.0982304898  Bpq = -1.9161289188

H4(Z) =091

z:=z oagq:=0p1 Ppq:=0P2q

Define the function: F20(z,k) = 2 '-H4(z) (5.8.16)

£20 0L21~Zk-(2+ 1)2
(z,K) == - (5.8.17)
Z'( 621 =Z + 1)

cx21-zk-(z+ 1)2

Poles of F20(z,k) = 5
Z-(621-Z+ 1)

im0 ADN

¢ = 0_018_Grads g = 0_192.Grads
sec sec
(= wg Z=2Z a2l = a2 Bo1 = Boq Eo=C
0

poles, := z-(821 Z+ 1)2 solve,z — B21

B21
0
poles = | 0.522 p00 := polesg p01 := polesq
0.522
First order pole:p00 := 0 Second order pole:p01 := —5—1—
- 21
1 = ceil(max( |poles|))-1.0 r=1

E(D) :=r-cos(t)

(1) = r-sin(t)
DAt = £ +]-p(Y)
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tin—to

0.=0 tgp=2T t:=t0,t0+W..tﬁn

z plane Hlp(z) plane
() T D | 10 T T D
Im(poles)
eoe oF ; ® e 0 Im(H4((t or 0
Im(o(8) _nl(__ (o(1))
-0.5r / -5 ]
1 i i I 10 I 1 1
-1 -05 0 0.5 1 -15 -10 -5 0
Re(poles) ,Re(d(t)) Re(H4(4(1)))
fig.:5.8.3 fig..5.8.4
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F20(z,k) =

OL21 -Zk-(Z + 1)2

891-(z - pO0)-(z - p01)°

h20x = Res(F20(z k) ,p00) + Res(F20(z k) ,p01)

Q1 .
p00 =0 h20x = —— Ilim
Bo1 | z - poo0

[(z - p00)-

+ lim _‘?,, (Z_poq)z.

zk'(z+ 1)2

(2 p00)-(z - pm)z}
zk-(z+ 1)2

ﬂ

z — p01 oz (Z"‘ pOO)(Z— p01)2
(2% k. 2
namely, simplifying: |h20k = =2l lim | 222E 1 e 1)
Ban | z-0 (Z—p01)2
. 5, [Zk-(z+ 1)2ﬂ
+ lim il (e L BAS e
z > po1 | 6zL (z—p00)
(1) Res(F20(z,k),p00) p00=0
' 0 2

For k=0 and p01 = 0 lim |2 '(“1)2} - 6(k,2)

z—- 0| (z-p01) p01

k 2 k 2
For k>0 e S ‘(Z+1)2} &' i l:z -(z+1)2} =0
20| (z-p01) z— 0| (z-p01)
Q
Res(F20(z,K) ,p00) = —. 28, 0)
B21 po1?
k 2
(2) Res(F20(z.k),p01) lim [i[ﬂz_ﬂ_)_}
z - po1 | ozL (z-p00)
k 2
B22 oz z

For k=0 and p01 = 0

z

z - p01 |0z

0z

0 2
fim [@.[Eﬂl

|-

2 .
B_[(z+ Ll } simplify, max — 1 =y
z

lim
z - p01
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El

z

2

(z+1)2
Z

|

-

(5.8.19)

(5.8.20)

(5.8.21)

(5.8.22)

(5.8.23)

(5.8.24)

(5.8.25)

(5.8.26)




2
lim [a_[(iil)_ﬂ = 1__1.__ -5(k,0)
z > p01 | 0z z pO‘I2

87
Res(F20(z,K),p01) = -2 lim |22+ 1)-(k+z+kz—1)] (5.8.27)
B214 z - po1
ok k-2
Res(F20(z,K9),p01) = —=-p01 (p01 +1)-[k + p01-(1 + k) — 1] (5.8.28)
21
(81
h20y = —21[&2—) + [1 - —1—2)-5(}(,0) +p01%72.(p01 + 1)-[k + p01-(1 + k) - 1]}
B21| pot p01
Q
h20 = E?-l-[a(k,()) +p0152.(p01 + 1) [k + p01-(1 + k) — 1] (5.8.29)
21
Proof (5.8.29)
Proof of (5.8.29):

the z transform of (5.8.29) should be the given z transfer function here rewritten:

2 2
=1 anq-(z+1)
H4(2) = a1 (z +1) _ o2

(21 + 521)2 (B21z+ 1)°

ztrans ,k onq-(z+ 1)2
] -
simplify ,max (621 .- 1)2

321-(621 - 1)'[521'0(“ 0k 1]( L )k+u21-5(k,0)

3212 Baq

[#] Proof (5.8.29)

Finally, the result considering both cases: ¢ # wgand ¢ = wg, is:

o e 2
Hoty = |2l elkpy Bl IR g e (5.8.30)
2 (p1-p2) 5
k-1 2
+ p2° -(p2+1)
i (p2 — p1) |
Qu
%-[6(&0) + p01k_2-(p01 + 1) [k +p01-(1+k) - 1]:| otherwise
21
wg = 0.192. 81898 ¢ = 0.018. 2129
Sec sec
¢ = 0.018- Grads wg = 0.192 Grads
sec sec
hoo! = 0 1 : 3 4 5 5

0 | -0.22 -0.902 -1.682 -2.262 -2.598 -2.672
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Digital Pulse Response Sequence Digital Pulse Response Sequence

3 T T 3 T T T T
o [ - 2+ -
G35 Me 1 % ‘
L 0 E .1 LI llfl h"lj Iﬁ iy 0 | =
h3 1][““1 il e w1 ] l [ e
® o @ i
-2r i — —2F -
_3 I [ 1 1 o 1 I 1 1
0 10 20 30 40 50 0 2 4 6 8 10
k k
fig..5.8.5
rows (h1)—1
Stability (S31<«): 831 := Z |h20y S31 = 69.057
k=10
rows(h1)-1 .
Energy of the sequence h1: E31 := Z (|h20k| ) E31 = 82.831
k=0
Tg = 3.279-ns Tsstp = 1.639-ns
NO-1
y3, = Z (if(v — k = 0,h20k-u1,—x,0)) (5.8.31)
k=0
Redefine the output waveform : '
Verl) = As-Vpp [9sr(t:A5.C,ws)- (1) if = wg (5.2.1.1)

—t-w5 I
{8 -(t-w5+ 1) -®(t) otherwise

20-Tg— 0-Tiast

= O Teact - Traat + . 20-T Vian = BV
W test test 1000 5 pPp
Input Sequence Output Sequence
b o \
ar 1
o
k L. . |
i JilA|
0 1 -
0 20 e 0 1x1077  2x1077
k nstpk,t
fig.:5.8.6 fig.:5.8.7
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0 T

5 - 20} .

j i Vi o A |

A5

Yer() —60F uis

- 80 L o

- 100 : :
0 11078 20”

nstpk,t
y3T _ 1 2 3 4 5 6 7 8
3.357| -9.817| -19.677| -31.827| 45.001| -57.91| -69.359

Output Sequence Details

Calculation of the filter output as the inverse z transform of H(z)V{z)

-1, -2 Q 2
Filter's z transfer function H|p(z) = Qg- j; i _+1Z =2 (?; 1) (.8.32)
Zz +62-Z +’Yz ’YZ 22+—2'Z i
2 "2
AT Y TR s = 0g7 IS
sec sec
z:=2 By = B2 Yo ="p Gk

2

Bo—B2" —4p
2 Bo 4 |solve,z 279
poles2 .=z~ + —-z+ — simplifym) 5

e B+ (B2 -4
2-’\{2

- [0.926+ 0.297]) . - 2 -
oles2 = = poles2p p1 := poles24
| 0.926 - 0.297j a
By~ 82" — 4 By+[B2" — 4
p0 =2 V2 - Pl i 2 (5.8.33)
29 2-7y
p0 = 0.926 + 0.297] p1 = 0.926 — 0.297]
Step response: Y3(z) = Hlp(z)-X(z) (5.8.34)

of the I. p. filter:
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Voo Z

- PP VanZ
Vop = Vpp Vpp Ztrans - >_1 ztransform of the inpuX(z) := —p-E1— (5.8.35)
Z S
a2 = a2 B2 = B2 N2 =~2 pD=p0 pl=pl
p0 = 0.926 + 0.297] p1 = 0.926 — 0.297]
First case ‘Q # wg
: ]
2 T invztrans ,z .,k
a2 (z+ 1) PP .
y330k = —- < simpli 3
2 @-p0)(z-pl) z-1 | TP
factor
2k k 2 .
Yo L(PO—-p1)-(pO-1) (pO-p1)-(p1-1) (PO-1)-(p1-1)
{=] Proof
Proof of (5.8.36):

the z transform of (5.8.36) should be the given z transform of the response here rewritten:

o2  (z+1)? z

p0 = p0 p1 = p1

(00 + 1)2-p0* el z-(p0 + 1)2
(p0—p1)-(pO—1) ’ (p0 - p1)-(p0 —2)-(p0 - 1)

Z[ (p0 + 1)-p0¥ } z.(p0 + 1)>
(PO —p1)-(pPO-1) (p0—p1)-(p0 —2)-(p0 - 1)

p0 = p0 p1:= p1

z-(p1 + 1)2
(pO—p1)-(p1-2)-(p1-1)

01 (p1 + 1)2
(p0-p1)-(p1-1)

ztrans ,k —

Z[ p1%.(p1+ 1)° } z-(p1+ 1)°
(PO -p1)-(p1-1) (PO —p1)-(p1-2)-(p1-1)

Z[ 4 } 4.7
(PO-1)-(p1-11 (PO-1)-(p1-1)-(z-1)

2 2
Y3(z) = V =4p0+ 1) . z-(p1+1) 4.7
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o2
PP o [ (p0 - p1)-(p0-2)-(p0-1) (pO-p1)-(p1-2)-(p1-1) T 0 1)-(p1-1-z- 1)

|




p0 := p0 pl = pl

| 2(p0 + 1) | e 2.(z+1)2
(pO —p1)-(p0 - 2)-(p0 - 1) (p0-2)-(p1-2)-(z-1)
N 2-(p1 + 1)?
fpo ~p1)-(p1-2)-(p1 - ﬁ
N 4.z
L L(PO-1)-(p1-1)-(z-1)
iy = b2 Y3 = V.- 22. z(z+1)° ~o = 1.058
2= PP (p0-2)-(p1 - 2)-(z— 1) &
g.ed.
[=] Proof

Second case: |[( = w

2 2
" " . Ag- Ty -wg e Tg-wg+2
o AT T o T T 9\
(Tows-2)° (Tsres2)
Qg = -2.098 ’Yz = —1.916

invztrans ,z ,k

(ol 1)2 Vpp'Z simplify

Y35 = oy _1 2|z-1 |factor >

Z + "fz) ) K
collect, (———]
12
1\ :
—— | k- 9 ’Yz-(’Yz—1)—1 +1 —’\{2-(3-’72“2)4—1
y331k =4+ ( 72) [ [ [ - ] :] ] : Vpp‘azz (5.8.37)
Y2 ('72 + 1)
[*] Proof e
Proof of (5.8.37):

the z transform of (5.8.37) should be the given z transform of the response for {=ws, here rewritten:

2 2
(19 VppZ _ Vpprogz:(z+ 1)

=" +“f2)2 1 (rpze 1)t

y331(z) = ap-

Y2 =72 Qg = 09 Vpp = Vpp
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[“"j‘jk-[k'["f2'[’72'(72 - e ] }

4+ s - _ﬂfz.(s.wz_z) - |- Vpp-(xz ztrans .k — Vpp-az-z-(z+ 1)2
L 722 ] (']'2 + 1)2 (“{2-2 + 1)2-(2 - 1')
~ 0 .
[_;1_} ez (v2- 1) - 1]+ 1] - :

Vpp'o‘2 7|4 2} |49~ '\‘2-(3-'*{2 = 2) Vpp-az-z-(z +1)

—_—— . + -
(N2 + 1)2 i oo | (v2z+ 1)2-(z— 1)

g.e.d.
[«] Proof

Finally, the result, considering both cases: ¢ # wgand ¢ = ws, is:

Grads g 0.192. Grads
sec sec

Qg = 5.4 ¢ = 0.018-

S '92_'[ (p0+ D*p0* __pt*p1+1)? | 4
© PP 4y L(PO-p1)-(pO-1) (pO-p1)-(p1-1) (PO-1)-(p1-1)

J if = wsg

[ﬂi)k.lik_hz.[ﬁfz.(qz - 1% - 1]+1] J

"2

+1=~9: (35 -2 o
4 + . ( - . - otherwise
2 2
Grads Grads
V0o = —10.491V = 0.018- we = 0.192- Qz =54
pp 2 ¢ sec 5 sSec S

Sequence of the step response.

- 50(8
¥33, —100
L ;
— 150H
~200 L '
0 2¢10™ 7 410”7
nstp,
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Sinusoidal response:

Signal amplitude:
Signal frequency:

V

m = Vpp.

Yout(2) = Hip(2)-X(2)

fiost = 60.997-MHz ,

(5.8.38)

arbitrary sampling frequency:  fg := 10-fioqt fg = 609.968-MHz, (5.8.)
sampling angular frequency: wg = 2-m-fg. wg = 3.833 G;:SS,
sampling period:  Jq = fi , Tg=1639ns,
s
sampling time step: Nk = fh , NO = 256 (5.8.)
s
NOfs=128  NO=256 .
f
s
(5.8.)
L. p. filter Input: X2k := Vm-sin(wtest-nk) (5.8.39)
I"IT=' a f oo 3 g g -8 6 s
0 0| 1.639°10°%| 3.279-10-9| 4.918'109| 6.558:109| 8.197°109
a7 = 0 1 2 3 4 5 v
0 0 2.939 4,755 4.755 2.939 :

Input Sequence.

0 1x10" 8 2x107 8 3«10 8 4ax1078

fig.:5.8.9
Z transform of the input signal:

Vm =V Wast = Wiest TS = Ts V=V

Vm-z-sin(Ts-wtest)

z2 - 2'005(Ts"’-’test) z+1

X(2) = Vypsin(v-wyegt Tg) 2trans v —
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V..-z-sinf To-w
X(z) = ——" (Ts “test) (5.8.40)
Z “2‘°°S(Ts"-’-’test)'z+1
Ko=sin(Tgwes) V1-K°=0809  K=0588
A5-w52
Transfer function: Wlpgs) = if ¢ # wg {5.1.7.1)
2
§ +2(8+wg
2
W5 Y
A5- = otherwise
(S+(.\J5)
Coefficients of the z transfer function:
Ag-wg Tg? . 2T ws" -8
Qg = 2 5 IfQ¢w5,B3:= 5 2 |f§¢w5,
T wg™ =4C T, +4 Ty wg —4:-(-Tg+4
2 2 2 2
Ag- T w T wg —4
2—5—5 otherwise 2.8 79 5 otherwise
(Ts-w5m2) (Tslw5-2)
Tsz-w52+4-QT3+4 _
Vg = E— i L= wg
Ty wg —4-(-Tg+4
2
Ta-we +2
—(—L~5~—-—-)—2~ otherwise
(Ts-w5—2)
ag = -0.248 By = -1.959 ~3 = 1.058
1. 2-2_1 +772
Z transfer function: Hlp;z) e iy if ¢# ws
Z +B3-Z +5s
2
(zr._1 + 1) .
B otherwise
(Z +f33)
System Output
-1
=1 =2 V..-z K
1+2.z +z m ;
Youtl?) = ag: | —3 i s T A=us  (gaay)
Z "+P3z +73 1-241-K"z "+z
2 -1
= Yoz K
(Z +1)2. - otherwise
(z_1+B3) B =™ Y
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Search of the sequence corresponding to the output:

First case:( # wg

az-Vmz 1-K-(1 +22 T4z 2)

Yout(2) = ( (5.8.42)

2"2 + 63-2_1 +"‘|’3)-(22 —241- K2-z + 1)
KV zag-{z+ 1)°

Y, (z) =
out _ ,-—-——j
’]‘3-24-{-(63 —2'Y3 1~ K2 -23+ (’13 —2[33‘\} 1- K2 + 1)22 + (63”2 1- K2 Zz+ 1

Qg = -0.248 63 = —1.959 "]‘3 = 1.058

Search of the poles:

4K K
2
Bz B3 —4n3
4 21).2° . St
poles3 := v3-Z +(63—2-'y3- 1-K").z" ... solve,z —» poles3 :=

o (’y3~ 2‘93-'\/1 _K2 4 1)-22 s
+(B3—2~x/1—K2].z+1 Eg_x!532‘4'”f3

2 =
3 Y
2 2
B3 B3 -43 B3 B3 -4n3
———— .+. S ——— —_—
/ 2 . 2 , 2 2 2 2
P =v1-K +Kj pop=y1-K -K p3 = P4 =
3 3
pq=0809+0.588) pp=0.809-0588 p3=0.926-0.297] pg = 0.926 + 0.297]
Thanks to the fundamental theorem of Algebra one can write:
2
K-Vyz-ag-(z+1)
Y@ = (5.8.43)

V3:(2-P1)-(2-P2)(z-P3)-(z - P4)

In order to calculate the inverse z transform of the output signal, decompose the (5.8.43) in partial fraction
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z(z+ ‘l)2 ;

(z-p1)(z-P2)-(z-P3)-(z—Ps

) parfrac,z —

and rewrite the output signal as a linear combination of terms like

Ph—2
y Z=a3.K.vm_ pa-(p3+1)2 T
o (93—91)'("2—ps()'(p?’_)z‘*)'(psi) g
" (p2=p1)(P1-pa)(P1=Pa) (P1-7) ~
; P2 (P2 +1)°
(P1-P2)-(P2~P3)-(P2—P4)-(P2-2) ~
5 Pa(Pg+1)°
| (Pa=P1)-(P2—Pa)-(P3—Pa)-(P4-2) |

the poles are:

pq=0809+0.588  p,=0.809-0.588] p3 = 0.926-0.297] b4 = 0.926 + 0.297]

P1=pP1 P2 == P2 P3 =P3 P4 =Pg

Furthermore, to simplify calculations, define the following constants:

p3-(p3 +1)° .
G1 = f
(P3—P1)(P2-P3)-(P3-Pa) i

0 otherwise

2
62:= i o) ¢ * w
(Pz - P1)'(P1 - Ps)'(P1 - P4) ,

0 otherwise

p-(P2 + ")2 .
53— f
(P1-p2) (P2-pa) (2 Ps) = °

0 otherwise

p4:(pa+1)° :
G4 = f
(Pa—p1)(P2-Pa)(Pa—pg) = = 3

0 otherwise
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oKV . T =3
Youit) = —— ) G (5.8.44)
3 |(r3-2)
G2
+
(P1-2)
G3
+
(P2-2)
G4
+
| (Pa-2) |
=1 9 5(k,0) — p*
The inverse z transform Z ( - >
p-z P
obtaining, after the substitution in (5.8.44): _ N
k
anq-K-V 3(k,0)-p
Youtk = B G1- e )
13 P3
k
3(k,0) - pq
+ G2-
P1
k
6(k10) e p2
+ G3.
P2
k
8(k,0) —pgy
+ G4
P4 d

and collecting the Kronecker 9, finally
results:
G2 B S s 0y (Gz-p1"‘1 +G1-p3 1 +G3p, T+ G4-p4k_1)
P14 P3 P2 P4
G2 G1 G3 G4
=—t—+ — + —

G55 ¢
P41 P3 P2 P4

aq-K-V 5
Yout = —2— ML G5.5(k,0) - (G2:p4 " + G1.pg" " + G3.p, " + Ga-p,<)

13

Second case:( = wg

2 - 2
(7 141) . Viez K ] K-Vppog-(z+1)

z_1+53)2 121 =KCz "4z *

Yout(z) =
(63-z+ 1)2-(22 Bl K ‘i)

2
K-Vog-(z+1)
il (5.8.48)

Yout(z) =
(B3-z+ 1)2-(22 —2-zAl1~ K2 + 1)
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2
K-Viyag(z+1)

Yout(z) = (5.8.49)
832-24 + (2-63 - 2-632-\/ 1- sz-zs
+ (632 —4-63-\/ 1- Kz + 1)-22
. (2-53—2-\/1 ~K%)z+1
ag = —0.248 B3 =-1.959 4 = 1.058
Search of the poles:
el
B3
: A
poles3 = 632-24 + (2-@3 - 2-532-\/1 — K2 |-z3 ... solve,z — poles4 := B
2 2 2
+(B3 ~4-B3-\H—2K +1)-z (1 ~K2+K-j
2:Ba—2+1-K" |-z+1
+( =g j“ W 1-KZ—Kj

1 1 [ 2 . 2 :

P14 = — Bog o —— p33 =41-K" +K:j P44 = 1-K"—K;j
B3 B3

Thanks to the fundamental theorem of Algebra one can write:

agz-K-Vy(z+ 1)2

B3”(2-P11)*(2—P33)-(2 - Paa)

(5.8.50)

Yout(z) =

In order to calculate the inverse z transform of the output signal, decompose the (5.8.50) in partial fraction
|
(z+1)°

5 parfrac —
(z-P11)"(2-P33)(2 - Pas)

and

and rewrite the z transform of the output signal as a linear combination of terms like
Pn
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oKV (pyq+1)°

85> | (P11-Paa)-(P11-Paa)(P11-2)°
(P33 +1)°

(p11-P33)* (Pas~P33) (P33-7)
(Paa+1)”

(P11 - P44)2'(P33 ~P44)(Paa-2)

(P11+1)-(P33—2-P11 +P44)2' (-P33 - Pas —2)-P1q -
+P33+Pas-(2:P33+1)

(P11 yout(z) = (5.8.51)

+

+

.
| (p11-033)* (P11~ Paa)*(z—P11)(2P11 - P33 ~Pas)”

Now try to calculate the inverse z transform knowing that:

2—1( 1 )= 5(k,0) - p*
p-z p

2*1[ 1 }= 5(k,0) + p*-(k - 1)
2 2
(p-2) p
and defining the following constant coefficients:

2
_(P11+1)(Pa3—2P11+Paq) [(-P33 ~Pas —2)-P11+ P33 +Pasa(2:P33+ 1)]

2-

(5.8.52)
(P11-P33)* (P11~ Paa) -(2-P11 - P33~ Paa)’ P11

(Pag+1)°
(P11- 944)2'(933 ~P44) Pag
(p33+ 1)’
(P11-P33)*(Pas - P33)-P33
(P11+1)°

(911 = 933)'(911 - 1944)10112

G12:= (5.8.53

G728 (5.8.54)

G33 = (5.8.55)

Substituting the previous definition, the function (5.8.51) takes the form:
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Yout(z) = 355;@_033-—-1—-3 |
B3 (P11 —12)

+ G22-—(-53—31j—z—)—

+ G12-m

B G11.m ;

Substituting in (5.8.51) the previous coefficients and the inverse z transform found, results:

Collecting the Kronecker deltas,

i " :
ag-K-Vp, [5(k,0)+p11 -(k—1)}
Yout = ———.| G33. . (5.8.56)
B3 P11
k
4(k,0)-p
+G22. =l
P33
k
5(.0) - Pag")
+ G12. 44
P44
k
5(k,0) — P11
+G11.
i P11 .
on-K-V._.. T o
3K VYm[(G11 (3.332 L 82 G12) (0 o (5.8.57)
B3 || P11 pq° P33 Pag

G33.py1"(k-1) G22.pss" G12:py~ Gl1.pyq<
+ dee e

2
P11

and after'having defined the new constant G44 .=

P33 P44 P11

G11  G33  G22 G12
+ + +
P11 pgq® P33 Paa

the final result, considering both cases ( # wgand ( = weg, is:

Youty = ag-K-Vp, %-[Gs-a(k,m —((32-p,|k“1 LGPy | Gy G4.p4k-1)] it ¢ wg
Lz- G44-5(k ,0) .. otherwise
Ba” | G33.py(k-1) G22.pgs" G12pyy G11:pgq"
+ L B —

(5.8.58)
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- Numerical sequence of the output:

Yot =| o0

1

2

0 -1.222:10-15

10.265-28.557]

14.851-23.18;

NO-1
Energy of the sequence Yout,: EYout := (|You’q<|)2 EYout = 3.747 x 10*V?
k=0
¢ = 17,743, 200208 wg = 191,627.2rads
sec sec
Vot = |W,p(j "-’"test)l Voo Vout = 16.541V
Transient Response Sequence
! VQU
IU%YOU%) 10w I
re(vour) oA AN A MAAARANAAAADAAAADAA]
L URVILVRYIVARVILTRY VYV VY ||l 1]! \ | |[f JYY YUY
x2k
-10
0 100 250
k
fig.:5.8.10
; Agws
ICK amplituage o e frequency response i s=U.cTpeak = -10g
Pick amplitude of the f f Qs>0.Erpeak := 20-| :
20-log( [Wip(i-wiest)| ) = 10.392-dB Qg = 5.4
Magnitude in -dB

40 [ e SIS TR

i
i

=K
|

2owogUprq-u”) 20

Jou T
20409(Lﬁp(é S)

T

rpeak
Sl -20

—40
1%107

1x1019
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fig.:5.1.8.1
Bw = 47.1-MHz

=
1x10" 1x10° 1x10° 1x10
w
fig.:5.1.8.1'
. y Grads Grads
pick amplltude WldepICk = 34685 (.Opick = .19 oo Wlpp = 20 wg = 0.192. o6

[*] Proof

Proof: Firstcase:
C_. = w5

Pq1:=Pq Po=Py P3:=P3 Pg=pg G1:=G1 G2:=G2 G3:=63 G4:=06G4 G5:=G5

G2 G1, G3 G4

G5= — + —
P1 P3 P2 P4
G2 51 GS G4 e .
e e, s et S DY collect,G1,G2,G3,G4>
P1  P3 P2 P4 gl
simplify

+ (—1)-(Gz-p1k‘1 +G1ps* " 4 c33-|c>2"‘1 + G4-p4"‘1)

results: e + & + Sl + Gt

P1—-2 P3—-2 P2-2 Pg-2?

aq-K-V
Namely Y ou(2) = 3 m.( G2 G1 G3 G4]

+ + £
g P1—Z P3—-Z Pp—-Z Ppyg-2

Proof: Second case:( = ws

Pyq=P4q4 P2 =P23 B33z =P33 P44 = Paq

Gl =Gl G22 = G622 G35 Ga3 G44 := G44 (G55 := G55
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ztrans ,k

[G” . 6332 P G12J-6(k,0) collect,G11,G22,G33,G12>
P11 py° P33 Pag simplify

GE8:pyat-(k—1) €2pss® GlZpy,” BItpyS
+ —_ —

2
P11 P33 Pa4 P11
, G11 G33 G22 G12
results: + > + +
P11=2 (pyq-2|° P332 Pa4~2
Namely:
aq-K-V. T 7
Youtk = 3——2——'1—] G33‘——l‘——2
B3 (p11-2)
I N
(P33 -72)
+ G12--——~—1~——
(Pas-2)
+ G11- .
| (z-e11) |
g.e.d.
(Quod Erat Demostrandum)
f=] Proof
40 T b T
20 s
Im(Youtk) oF =¥
AZO— -
_40 i ] |
-20 -10 0 10 20
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