
 Theory of modulated LII (MLII) version 2
Reference sheets

a necessary reference worksheet which contains data extraction
functions. This version has been modified so that a value for
Cp.soot is returned for any temperature

Reference:D:\Mathcad-collab\TMP\Useful_2001.xmcdz(R) Units & Fundtl. constants

Reference:D:\Mathcad-collab\TMP\constant3_DRS.xmcdz

Reference:D:\Mathcad-collab\TMP\Useful_2001.xmcdz(R)

Problem 
We have a laser source modulated light source at a frequency f that is inducing periodic changes in soot temperature.  In
general both the light source and the resultant signal can have a DC component as well as the AC term at frequency f.  In
the derivation below I will not consider any DC component to the driving signal since our laser is purely AC.  In general one
can write the source term as: Imod Cnst 1 ModI sin ω t( )=  where, in our case ModI=1 

Imod Cnst 1 ModI sin ω t( )= For modulation at angular frequency ω=2*π*f 

For definition of modulation depth see figure below See "R:\Optical Diagnostics\Spencer_AnnNYAcaSci158_69.pdf"
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In the file "A:\Analysis\Modulated L
of modulated LII (MLLI).  It became
approach here

Source gas velocity

 

This is Fengshan's model data for centre line gas velocity with height above burner z
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 Axial velocity increases from ~ 25 to - 200 cm.sec

For soot volume fraction
of 2.5 PPM

1 mm

200
cm

sec


0.5 ms svf 2.5 10
6


Therefore the residence time for an excitation region
of  approximately 1 mm is

1 mm

50
cm

sec


2 ms to 

1 mm

175
cm

sec


0.571 ms
At 42 mm height

what is diffusion distance in this time for air at 1730
K?

Dair 3.6 10
4


m
2

sec
 xdif 2 D t( )

0.5
= 2 Dair

1 mm

175
cm

sec












0.5

0.641427 mm Note: that this was previously 1*sec/25; the units
of mm and cm were dropped and the answer was
consequently off (above 5 mm).  I don't believe
this influences any calculations below since you
use the 42 mm condition, which was done
correctly. 

2 Dair
1mm

25
cm

sec












0.5

1.697056 mm

2 Dair
1 mm

175
cm

sec












0.5

0.641427 mm
Distance diffused in time gas flow moves 1 mm

Soot and gas heat capacity and modulated CW laser heating

Heat capacity of soot

Heat capacity soot fCp 3000( ) 2274.801287
1

kg K
J volumetric heat capacity is: fCp 3000( ) RHOS 4.310748 10

6


1

m
3

K
J

HCsoot T svf( ) RHOS svf fCp
T

K





 heat capacity of soot per unit volume of soot/air mix

Heat capacity of air
Cpair 293( ) JCpair

Cvair 1700( ) JCvair Cvair 293( ) JCvair Cpair 293( ) JCpair

c. f. handbook of Chemistry and Physics to "our value 

Cpair300 .2401
cal

gm K
 1005.25068

1

kg K
J Cpair 300( ) JCpair very close 

the gas equation
gives

where n is in
molesP V n R T=

n

V

P

R T
=

So density of air ρair T( ) is ρair T( )
1 atm

T K R
28.96

gm

mole
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From handbook ρair293 .001205

kg

L
 1.205

kg

m
3

   compare ρair 293( ) 1.20444
kg

m
3



Therefore the volumetric heat capacity of
air at 1 atm. and temperature T is

HCair T( ) Cpair
T

K





1 atm

T R
 28.96

gm

mole






 Cpair ignoring any dependence of Mol. Weight
of air with T

HCair 1730 K( ) JHCair

Define ratio

fr T svf( )
HCsoot T svf( )

HCair T( )


HCair fr 1730 K 2.5 10
6

  fr

1 fr T svf( )
HCsoot T svf( ) HCair T( )

HCair T( )
=

1

fr T svf( )
1

HCair T( ) HCsoot T svf( )

HCsoot T svf( )
=

1 fr T svf( )

fr T svf( )
=

Note 

Laser heating of soot

If Pd is the unmodulated  laser power density.eg.  W//mm2

The formula for the absorption of radiation a single primary particle is the product of the absorption cross-section and the laser power density. Where the absorption

cross-section is a product of the absorption efficiency  
4 π dp Em

λlaser
 and the cross physical cross section  

π dp
2



4

Powerabs Pd
π
2

dp
3

 Em

λlaser
= for a single primary particle

Npp
svf

π dp
3



6









=For a soot volume fraction of svf  the number
density of primary particles, Npp, is 

So the power absorbed per unit
volume of soot laden gas isPvol Pd

π
2

dp
3

 Em

λlaser


svf

π dp
3



6









= Pd
6 π Em

λlaser
 svf= Pvolabs Powe=

The heating (power absorbed) per unit
volume of soot laden gas will be

The heat capacity of the soot per unit volume of soot laden gas is: HCsoot T svf( ) RHOS svf fCp
T

K





=

The rate of soot temperature increase  by the laser will then be The heat capacity of the
soot/unit volume of gas is Npp

π dp
3



6
 fC

RHS Is the rate of soot heating i.e. the
rate of absorption of energy divided by
the soot particle heat capacityt

T
d

d
Pd

π
2

dp
3

 Em

λlaser


svf

fCp T( )
π dp

3


6
 RHOS svf









=
6 π Pd Em

λlaser fCp T( ) RHOS
=
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Pd 75000

kg

s
3


define Lasheat Pd T 

6 Pd π Em

λlaser fCp
T

K





 RHOS



Lasheat Pd 1730 K  1.824556 10
5


K

s


What is Lasheat Pd  for our experimental conditions? 

What value for Pd ? T0gas 1730 K Em 0.4 λlaser 805 nm svf 2.5 10
6



805 nm laser has a maximum CW output of 170 mW.  If  we modulate it with a sine wave then the maximum peak to peak of the fundamental of the sine wave should be ~
150 mW assuming we don't loose to much in harmonics.  The laser cross section is ~ 1 mm2 so Pd is ~ 150 mWmm-2 maximum peak to peak and the average value will
be 75 mWmm-2 

Pd 75 10
3


W

mm
2



Pd
6 π Em

λlaser
 svf 1.75617 10

6


1

m
3

s
J

Lasheat
6 Pd π Em

λlaser fCp 1730( ) RHOS
1.824556 10

5


K

s


So Lasheat Pd   is

fCp 1730( ) 2031.702048
1

kg K
J

HCsoot T svf( ) RHOS svf fCp
T

K





 HCsoot 1730 K 2.5 10
6

  9.625188
1

m
3

K
J

Consider soot and gas at some undisturbed temperature T0gas  and neglecting gas flow then
the differential equations describing temperature change with laser illumination follow

To make this problem tractable I will make the following assumptions. The undisturbed soot temperature is  T0gas ad the excitation regions at a uniform

temperature  Tsoot  and   Tgas where the latter area function of time

Neglecting gas flow the differential equations describing soot heating are 

The differential equation describing
gas and soot heating are

t
Tgas

d

d
fr T svf( )

Tsoot Tgas 
τcool

= fr T svf( )
HCsoot T svf( )

HCair T( )
=

t
Tsoot

d

d

6 π Em Pd 1 sin ω t( )( )

RHOS λlaser fCp T( )

Tsoot Tgas 
τcool

=

t
Tsoot Tgas d

d t
Tsoot

d

d t
Tgas

d

d
=

6 π Em Pd svf 1 sin ω t( )( )

RHOS λlaser fCp T( )

Tsoot Tgas 
τcool

 fr T svf( )
Tsoot Tgas 

τcool
=

Lasheat
6 Pd π Em svf

λlaser fCp T( ) RHOS
=

Let 
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 t
Tsoot Tgas d

d
Lasheat sin ω t( ) 1( )

Tsoot Tgas 
τcool

1 fr T svf( )( )=

What is solution of the 
t
Tsoot Tgas d

d
 equation?

svf svf
Multiply left hand side by integrating factor exp

t 1 fr T svf( )( )

τcool









exp
t 1 fr T svf( )( )

τcool







 t

Tsoot Tgas d

d

Tsoot Tgas  1 fr T svf( )( )

τcool











t
exp

t 1 fr T svf( )( )

τcool









Tsoot Tgas 







d

d
= exp

t 1 fr T svf( )( )

τcool









Lasheat Pd  sin ω t( ) 1( ) =

Integrating we get Lasheat Lasheat fr fr τcool τcool

texp
t 1 fr( )

τcool









Lasheat sin ω t( ) 1( )[ ]





d
Lasheat τcool e

t

τcool

fr t

τcool


 2 fr sin ω t( ) fr
2

sin ω t( ) fr
2

 2 fr sin ω t( ) ω
2

τcool
2

 ω τcool cos ω t( ) ω fr τcool cos ω t( ) 1





fr 1( ) ω
2

τcool
2

 fr
2

 2 fr 1







I get error pattern match exception for this evaluation
It calculateed in a blank worksheet to give:

texp
t 1 fr( )

cool









Lasheat sin  t( ) 1( )[ ]







d
Lasheat cool e

t
cool

fr t
cool



 2 fr sin  t( ) fr2 sin  t( ) fr2 2 fr sin  t( ) 2 cool
2

  cool cos  t( )  fr cool cos


fr 1( ) 2 cool
2

 fr2 2 fr 1







Therefore 

Tsoot Tgas
Lasheat τcool 2 fr(T,svf) sin ω t( ) fr(T,svf)

2
sin ω t( ) fr(T,svf)

2
 2 fr(T,svf) sin ω t( ) ω

2
τcool

2
 ω τcool cos ω t( ) ω fr(T,svf) τcool cos ω t( ) 1





fr(T,svf) 1( ) ω
2

τcool
2

 fr(T,svf)
2

 2 fr(T,svf) 1





=

Tsoot Tgas
Lasheat τcool fr(T,svf) 1( )

2
sin ω t( ) fr(T,svf) 1( )

2  ω
2

τcool
2

 ω τcool cos ω t( ) 1 fr(T,svf)( )





fr(T,svf) 1( ) ω
2

τcool
2

 fr(T,svf) 1( )
2







=

Tsoot Tgas

Lasheat τcool 1 sin ω t( )
ω
2

τcool
2



fr(T,svf) 1( )
2


ω τcool cos ω t( )

1 fr(T,svf)














fr(T,svf) 1( )
ω
2

τcool
2



fr(T,svf) 1( )
2

1












=

We can recast the equation in terms of a phase angle
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Let 

ω τcool

1 fr(T,svf)
tan ϕ( )= Note tan ϕ( )

2
1

1

cos ϕ( )
2

=

Tsoot Tgas

Lasheat τcool sin ω t( )
1

cos ϕ( )
2









 tan ϕ( ) cos ω t( )









fr(T,svf) 1( )
1

cos ϕ( )
2











=

Tsoot Tgas
Lasheat τcool sin ω t( ) cos ϕ( )

2
 1 cos ϕ( )

2
tan ϕ( ) cos ω t( ) 

fr(T,svf) 1( )
=

Tsoot Tgas
Lasheat τcool cos ϕ( ) sin ω t( ) cos ϕ( ) 1 sin ϕ( ) cos ω t( )( )

fr(T,svf) 1( )
=

Tsoot Tgas
Lasheat τcool 1 cos ϕ( ) sin ω t ϕ( )( )

fr(T,svf) 1( )
=

The integrals above do not include the integration constant, but, since at t=0 ϕ=0 and Tsoot Tgas =0, the integration constant is zero 

Check that original Mathcad symbolic solution and my rearrangements of it give the same results

Check that original Mathcad symbolic solution and my rearrangements of it give identical results

fr T svf( )
HCsoot T svf( )

HCair T( )


HCair * fr 1730 K 2 10
6

  fr ϕ τcool ω T svf  atan
ω τcool

1 fr T svf( )










fr *

cf1 τcool ω T svf t 
τcool 1 sin ω t( )

ω
2

τcool
2



fr T svf( ) 1( )
2


ω τcool cos ω t( )

1 fr T svf( )














fr T svf( ) 1( )
ω
2

τcool
2



fr T svf( ) 1( )
2

1













fr

cf2 τcool ω T svf t 
τcool 2 fr T svf( ) sin ω t( ) fr T svf( )

2
sin ω t( ) fr T svf( )

2
 2 fr T svf( ) sin ω t( ) ω

2
τcool

2
 ω τcool cos ω t( ) ω fr T svf( ) τcool cos ω t( ) 1





fr T svf( ) 1( ) ω
2

τcool
2

 fr T svf( )
2

 2 fr T svf( ) 1






fr
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 cf3 τcool ω T svf t 
τcool 1 cos atan

ω τcool

1 fr T svf( )

















sin ω t atan
ω τcool

1 fr T svf( )





























fr T svf( ) 1( )


fr

3.803 10
6



5.425 10
8



cf1 2 10
6

 sec
2 π 20000

sec
 1730 K 2.5 10

6
 z sec





cf2 2 10
6

 sec
2 π 20000

sec
 1730 K 2.5 10

6
 z sec





cf3 2 10
6

 sec
2 π 20000

sec
 1730 K 2.5 10

6
 z sec





.00010 z

cf1

fr 1730 K fr
Check that original Mathcad symbolic solution and my rearrangements of it give the same results

Solve the equation for Tgas

The differential equation describing gas heating is

t
Tgas

d

d
fr T svf( )

Tsoot Tgas 
τcool

=

Using solution above for Tsoot Tgas  we get:
t
Tgas

d

d

Lasheat 1 cos ϕ( ) sin ω t ϕ( )( ) fr T svf( )

1 fr(T,svf)( )
=

Substitute fr for fr(T,svf) 

Integrating Lasheat Lasheat fr fr ϕ ϕ
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 Tgas t
Lasheat 1 cos ϕ( ) sin ω t ϕ( )( ) fr

1 fr( )





d= Tgas
Lasheat fr cos 2 ϕ ω t( ) cos ω t( ) 2 ω t( )

2 ω 2 ω fr
=

I get error pattern match exception for this evaluation
It calculateed in a blank worksheet to give:

Tgas t
Lasheat 1 cos ( ) sin  t ( )( ) fr

1 fr( )







d= Tgas
Lasheat fr cos 2   t( ) cos  t( ) 2  t( )

2  2  fr
=

Tgas
Lasheat fr cos 2 ϕ ω t( ) cos ω t( ) 2 ω t( )

2 ω 2 ω fr
 Intcon=

Lasheat Pd 1730 K  1.824556 10
5


K

s


What is the integration constant?

Tgas T0gas=
Lasheat fr cos 2 ϕ( ) cos 0( )( )

2 ω 2 ω fr
 Intcon=

When t=0

Intcon T0gas
Lasheat fr cos 2 ϕ( ) 1( )

2 ω 2 ω fr
=

So final equation is:

Tgas T0gas
Lasheat fr

2 ω 2 ω fr
cos 2 ϕ( ) 1 cos 2 ϕ ω t( ) cos ω t( ) 2 ω t( )[ ][ ]=

Calculate some numerical examples

Lasheat Pd T 
6 Pd π Em

λlaser fCp
T

K





 RHOS

 Lasheat Pd 1730 K  1.824556 10
5


K

s


Pd 75 10
3


W

mm
2



fr T svf( )
HCsoot T svf( )

HCair T( )


HCair
ϕ τcool ω T svf  atan

ω τcool

1 fr T svf( )










fr

Tgas τcool ω T svf t  T0gas
Lasheat

2 ω ω fr T svf( )( )
fr T svf( ) cos 2 ϕ τcool ω T svf   1 cos 2 ϕ τcool ω T svf  ω t  cos ω t( ) 2 ω t  

fr
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20 kHz excitation, 2.5 ppm soot, cooling τ=2.^10^-6 sec

Periods of oscillation 0 to 16*pi

Tg
as

 K

1732.608

1730

16 π0

Lasheat 1.824556 10
5


K

s


Solve the equation for Tsoot

T0gas
Lasheat

2 ω 1 fr( )
fr T svf( ) cos 2 ϕ

We have Tgas T0gas
Lasheat fr

2 ω 1 fr( )
cos 2 ϕ( ) 1 cos 2 ϕ ω t( ) cos ω t( ) 2 ω t( )[ ][ ]=

and Tsoot Tgas
Lasheat τcool 1 cos ϕ( ) sin ω t ϕ( )( )

fr 1( )
=

Therefore 

Tsoot T0gas Lasheat=
Tsoot T0gas

Lasheat fr

2 ω 1 fr( )
cos 2 ϕ( ) 1 cos 2 ϕ ω t( ) cos ω t( ) 2 ω t( )[ ]

Lasheat τcool 1 cos ϕ( ) sin ω t ϕ( )( )

fr 1( )
=

Tsoot T0gas
Lasheat

1 fr( )

fr cos 2 ϕ( ) 1 cos 2 ϕ ω t( ) cos ω t( ) 2 ω t( )[ ]

2 ω
τcool 1 cos ϕ( ) sin ω t ϕ( )( )





=

Calculate some numerical examples

Tsoot τcool ω T svf t  T0gas
Lasheat

1 fr T svf( )( )

fr T svf( ) cos 2 ϕ τcool ω T svf   1 cos 2 ϕ τcool ω T svf  ω t  cos ω t( ) 2 ω t  

2 ω
τcool 1 cos ϕ τcool ω T svf   sin ω t ϕ τcool ω T sv






fr
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The term  sin ω t ϕ τcool ω T svf   in the above expression shows error  "this value must be a function but has the form R unitless

20 kHz excitation, 2.5 ppm soot, cooling τ=2.^10^-6 sec

Periods of oscillation 0 to 16*pi

Te
m

pe
ra

tu
re

 K

1733.134

1730

16 π0

 2.5 ppm soot, cooling time constant τ=2.^10^-6 sec

Periods of oscillation 0 to 8*pi
Te

m
pe

ra
tu

re
 K

1735.547

1730

1770

1730

8 π0

Tsoot 2.5 ppm soot, cooling time constant τ=2.^10^-6 sec

Te
m

pe
ra

tu
re

 K

1756.428
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Periods of oscillation 0 to 16*pi

1730.19

16 π0

At high frequencies there are 1 many cycles of excitation during the gas replacement time and the heating tends towards  a constant value. At lower
frequencies there is only a fraction of a cycle within the gas replacement time and the heating rate is modulated depending on the instantaneous value of
the modulated heating 

Consider the effect of gas flow assuming cooling is very fast i.e. Tsoot Tgas

The original equation for soot heating
is:

Lasheat
6 π Em Pd

RHOS λlaser fCp T( )
=dTsoot

dt

6 π Em Pd

RHOS λlaser fCp T( )
1 sin ω t( )( )

Tsoot T0gas 
τflow

=

In the above expression utilizing soot temperature is calculated by dividing the energy absorbed by the heat capacity of the soot. However, under the assumption that
cooling is very fastthe energy absorbed must teach both the soot and the gas resulting in a large reduction in the temperature rise. Above it was shown that:

1

fr T svf( )
1

HCair T( ) HCsoot T svf( )

HCsoot T svf( )
=

1 fr T svf( )

fr T svf( )
=

we can correct for the effect of gas heating by multiplying the original expression by the ratio of the heat capacity of the soot divided by the total heat capacity of both soot and air.

dTsoot

dt

6 π Em Pd

RHOS λlaser fCp T( )

fr T svf( )

1 fr T svf( )( )
 1 sin ω t( )( )

Tsoot T0gas 
τflow

=

the above equation contains the following assumptions: at low frequencies relaxation of the soot temperature is very fast and the soot temperature is effectively the gas
temperature. The second term on RHS of the above equation assumes that fresh gas replacement with a time constant τflow

setting fr fr T svf( )=

Rearranging 
fr

1 fr
dTsoot

dt

Tsoot

τflow


fr

1 fr
Lasheat 1 sin ω t( )( )

T0gas

τflow
=

Multiply left hand side by integrating factor  exp
t

τflow









exp
t

τflow









dTsoot

dt

Tsoot

τflow










 exp
t

τflow









fr

1 fr
Lasheat 1 sin ω t( )( )

T0gas

τflow










=
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integrating we
get

exp
t

τflow









Tsoot
LHS is 

d

dt
exp

t

τflow









Tsoot

T0gas T0gas τflow τflow
Integrating RHS we get fr fr

texp
t

τ.flow









fr

1 fr
Lasheat 1 sin ω t( )( )

T0.gas

τ.flow


















d
e

t

τ.flow
T0.gas T0.gas fr T0.gas ω

2
 τ.flow

2
 Lasheat fr τ.flow Lasheat fr τ.flow sin ω t( ) Lasheat ω

2
 fr τ.flow

3
 T0.gas ω

2
 fr



fr ω
2

τ.flow
2

 ω
2

fr τ.flow
2

 1


Therefore equating the integrals and neglecting the integration constant for the moment we have:

I get error pattern match exception for this evaluation

ω ω t t ϕ ϕ τflow τflow τcool τcool Lasheat Lasheat T0gas T0gas Tsoot Tsoot

T0gas T0gas fr T0gas ω
2

 τflow
2

 Lasheat fr τflow Lasheat fr τflow sin ω t( ) Lasheat ω
2

 fr τflow
3

 T0gas ω
2

 fr τflow
2

 Lasheat ω fr τflow
2

 cos ω t( )

fr ω
2

τflow
2

 ω
2

fr τflow
2

 1

simplify

collect T0gas

collect Lasheat

fr τflow 


I get error emission failure for this evaluation

Tsoot
fr τflow fr τflow sin ω t( ) ω

2
fr τflow

3
 ω fr τflow

2
 cos ω t( )

fr ω
2

τflow
2

 ω
2

fr τflow
2

 1
Lasheat T0gas=

1 sin ω t( ) ω
2

τflow
2

 ω τflow cos ω t( )

1
1

fr






ω
2

τflow
2

 1





τflow Lasheat T0gas










=

Calculate some numerical examples fr T svf( )
HCsoot T svf( )

HCair T( )


HCair

Trise ω τflow T0gas t  Lasheat Pd T0gas  τflow
1 sin ω t( ) ω

2
τflow

2
 ω τflow cos ω t( )

1
1

fr T0gas svf 







ω
2

τflow
2

 1



















fr

For sin ω t( ) ω
2

τflow
2

 ω τflow cos ω t( )   in the above expression shows error  "this value must be a function but has the form R
unitlesst
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 Soot temperature modulation τflow= 0.6 msec

Period of oscillation 0 to 4*pi

Te
m

pe
ra

tu
re

 K

7.808

0.017

4 π0

consider the effect of gas flow by setting up an energy balance. This approach gives strange results and is almost certainly incorrect.
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Consider the effect of gas flow  without any assumptions τflow τflow ϕcol ϕcol

fr T svf( )
HCsoot T svf( )

HCair T( )
=dTsoot

dt
Lasheat 1 sin ω t( )( )

Tsoot T0gas 
τflow


Tsoot Tgas 

τcool
=

The starting differential equation describing
soot & gas heating are:

t
Tgas

d

d
fr T svf( )

Tsoot Tgas 
τcool


Tgas T0gas 

τflow
= does TOgas in Tsoot-TOgas/tau_flow represent the soot temperature of the soot outside of

the heated volume (which should be equal to the gas temperature outside the volume)?

t
Tsoot Tgas d

d t
Tsoot

d

d t
Tgas

d

d
= Lasheat 1 sin ω t( )( )

Tsoot Tgas 
τcool


Tsoot T0gas 

τflow
 fr

Tsoot Tgas 
τcool


Tgas T0gas 

τflow
=

t
Tsoot Tgas d

d
Lasheat sin ω t( ) 1( )

Tsoot Tgas 
τcool

1 fr( )
Tsoot Tgas

τflow










=

What is solution of the 
t
Tsoot Tgas d

d
 equation? 1 fr

τcool

1

τflow


Get  Tsoot Tgas  terms on LHS of equation and Multiply left hand side by integrating factor exp t
1 fr

τcool

1

τflow
















exp t
1 fr

τcool

1

τflow














 t

Tsoot Tgas d

d
Tsoot Tgas  1 fr

τcool

1

τflow



















t
exp t

1 fr

τcool

1

τflow
















Tsoot Tgas 







d

d
= exp t

1 fr

τcool

1

τflow
















Lasheat sin ω t( ) 1( )[ ]=

Integrating this expression in time t we have

exp t
1 fr

τcool

1

τflow
















Tsoot Tgas  texp t
1 fr

τcool

1

τflow
















Lasheat sin ω t( ) 1( )[ ]





d=

fr fr

Mathcad derived integral

texp t
1 fr

τcool

1

τflow
















Lasheat sin ω t( ) 1( )[ ]





d
Lasheat τflow τcool e

t

τflow

t

τcool


fr t

τcool


 τflow
2

sin ω t( ) τcool
2

sin ω t( ) 2 fr τflow
2

 τflow
2

 τcool
2

 fr
2

τflow
2

 2 τflow τ


τflow τco


Original form of
integral
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 Tsoot Tgas
Lasheat τflow τcool τflow

2
sin ω t( ) τcool

2
sin ω t( ) 2 fr τflow

2
 τflow

2
 τcool

2
 fr

2
τflow

2
 2 τflow τcool 2 τflow τcool sin ω t( ) 2 fr τflow τcool 2 fr τflow

2
 sin



τflow τcool fr τflow  ω
2

τflow
2

 τcool
2

 fr
2

τflow
2

 2 fr τflo


=

This is very complex try simplifying

 Simplify by defining Cn
1 fr

τcool

1

τflow
=

texp t Cn( ) Lasheat sin ω t( ) 1( )[ ]




d
Lasheat e

Cn t
 Cn

2
ω
2

 Cn
2

sin ω t( ) Cn ω cos ω t( ) 

Cn
3

Cn ω
2




Tsoot Tgas
Lasheat Cn

2
ω
2

 Cn
2

sin ω t( ) Cn ω cos ω t( ) 

Cn
3

Cn ω
2


=

Define phase angle ω

1 fr

τcool

1

τflow









tan ϕ( )=
ω

Cn
=

tan ϕ( )
2

1
1

cos ϕ( )
2

=
ω τcool

1 fr(T,svf)
tan ϕ( )=

Note Cn
ω

tan ϕ( )
=

Tsoot Tgas
Lasheat Cn

2
ω
2

 Cn
2

sin ω t( ) Cn ω cos ω t( ) 

Cn
3

Cn ω
2


=

Lasheat Cn2 2
 Cn2 sin  t( ) Cn  cos  t( )





Cn3 Cn 2


substitute Cn


tan ( )
=

Lasheat tan ( ) tan ( )2 cos  t( ) tan ( ) sin  t( ) 1





 tan ( )2
 



Lasheat tan ϕ( ) tan ϕ( )
2

cos ω t( ) tan ϕ( ) sin ω t( ) 1 

ω tan ϕ( )
2

 ω

Lasheat tan ϕ( )

ω
1 cos ϕ( )

2
cos ω t( ) tan ϕ( ) sin ω t( )( ) = should it be a subtraction rather than addition of the sin omega t ?

where is the close bracket for the large open bracket?
note that subtraction error of the line above fixed here.Lasheat tan ϕ( )

ω
1 cos ϕ( )

2
cos ω t( ) tan ϕ( ) sin ω t( )( )

Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ϕ( ) cos ω t( ) cos ϕ( ) sin ω t( )( )[=
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L h 1 ( ) i ( )( )
Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ϕ( ) cos ω t( ) cos ϕ( ) sin ω t( )( )[

Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]=

Simplified expression for integral

Tsoot Tgas
Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]= plus an integration constant IC?

fr T0gas svf 
fr T svf( )

HCsoot T svf( )

HCair T( )


HCair
ϕ ω τflow τcool svf T0gas  atan

ω

1 fr T0gas svf 

τcool

1

τflow





















fr

Eqoriginal ω τflow τcool T0gas svf t 
Lasheat τflow τcool τflow

2
sin ω t( ) τcool

2
sin ω t( ) 2 fr T0gas svf  τflow

2
 τflow

2
 τcool

2
 fr T0gas svf 2 τflow

2
 2 τflow τcool 2 τflow τcool sin ω(



τflow τcool fr T0gas svf  τflow


fr

Lasheat 1.824556 10
5


K

s


Eqsimplified ω τflow τcool T0gas svf t 
Lasheat tan ϕ ω τflow τcool svf T0gas  

ω
1 cos ϕ ω τflow τcool svf T0gas   sin ω t ϕ ω τflow τcool svf T0gas    

ϕ

f 2500
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Comparison of original solution and simplified expression fo Tsoot-Tgas

Time sec

Te
m

pe
ra

tu
re

 K

0.701

1.643 10
4



2

f

0

0.70132

Consideration of IC

Tsoot Tgas=
When t=0

IC
Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ϕ( )( )=

Tsoot Tgas
Lasheat tan ϕ( )

ω
cos ϕ( ) sin ϕ( ) cos ϕ( ) sin ω t ϕ( )( )[ ]=

Tsoot Tgas
Lasheat sin ϕ( )

ω
sin ϕ( ) sin ω t ϕ( )( )= sin ϕ( ) sin ω t ϕ( )( ) 2 sin

ω t

2






 cos
ω t

2
ϕ





=

We have ignored any integrating factor, IC, but when t=0 Tsoot Tgas  0=  therefore IC=0 

sf2 ϕ ω t( ) tan ϕ( ) 1 cos ϕ( ) sin ω t ϕ( )( )[ ]

sf1 ϕ ω t( ) sin ϕ( ) sin ϕ( ) sin ω t ϕ( )( )
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0 0.005 0.01 0.015 0.02
0.3

0.2

0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2
With IC
No IC

Tsoot-Tgas K

Time sec

Te
m

pe
ra

tu
re

 K

Tsoot Tgas 0=

The introduction of the integrating constant based on Tsoot Tgas 0=  at t=0  causes the expression for the difference between the soot and the gas temperature to go
negative which is not a physically meaningful solution. The application of an integrating constant thus seems inappropriate here. In fact setting the temperature
difference to zero at time zero is equivalent to forcing the modulated temperature to be zero at t=0.however, the solution is still not physically meaningful because the
temperature difference cannot be negative. In what follows I will ignore the integration constant, but cannot rigorously mathematically justify that procedure.

Solve for Tgas
Substitute fr fr T svf( )=

Now 
t
Tgas

d

d
fr

Tsoot Tgas 
τcool


Tgas T0gas 

τflow
=

t
Tgas

d

d
fr

Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]







τcool


Tgas T0gas 
τflow

=

t
Tgas

d

d

Tgas

τflow


fr Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]







τcool

T0gas

τflow
=
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Multiplying both sides by the integrating factor exp

t

τflow
















 we get

t
Tgas

d

d

Tgas

τflow










exp
t

τflow










t
Tgas exp

t

τflow

















d

d
=









exp
t

τflow









fr Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]







τcool

T0gas

τflow












=

ϕ ϕ T0gas T0gas τflow τflow τcool τcool ω ω Lasheat Lasheat fr fr

texp
t

τflow









fr Lasheat sin ϕ( )

ω
sin ϕ( ) sin ω t ϕ( )( )







τcool

T0gas

τflow





















d
e

t

τflow
Lasheat fr τflow 2 T0gas ω τcool Lasheat fr τflow cos ω t( ) Lasheat ω

2
 fr τflow

3
 2 T0gas ω

3
 τflow

2




Tgas
Lasheat fr τflow 2 T0gas ω τcool Lasheat fr τflow cos ω t( ) Lasheat ω

2
 fr τflow

3
 2 T0gas ω

3
 τflow

2
 τcool Lasheat fr τflow cos 2 ϕ ω t( ) Lasheat fr τflow cos 2 ϕ( ) La



2 τcool ω
3

 τflow
2

 2 τcool ω
=

Lasheat fr τflow 2 T0gas ω τcool Lasheat fr τflow cos ω t( ) Lasheat ω
2

 fr τflow
3

 2 T0gas ω
3

 τflow
2

 τcool Lasheat fr τflow cos 2 ϕ ω t( ) Lasheat fr τflow cos 2 ϕ( ) Lashea


2 τcool ω
3

 τflow
2

 2 τcool ω

Tgas

2 fr τflow sin ϕ
ω t

2






2

 2 fr τflow sin
ω t

2






2

 2 fr τflow sin ϕ( )
2

 ω fr τflow
2

 sin 2 ϕ ω t( ) ω fr τflow
2

 sin ω t( ) 2 ω
2

 fr τflow
3

 sin ϕ( )
2



2 τcool ω
3

 τflow
2

 2 τcool ω














Lasheat T0gas=

Tgas

2 sin ϕ
ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ( )
2

 ω τflow sin 2 ϕ ω t( ) ω τflow sin ω t( ) 2 ω
2

 τflow
2

 sin ϕ( )
2



2 τcool ω
2

 τflow 2
τcool

τflow


















fr Lasheat

ω
 T0gas=

Check expressions numerically 
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ϕ ω fr τflow τcool  atan

ω

1 fr

τcool

1

τflow





















resoriginal ω fr T0gas τflow τcool t 
Lasheat fr τflow 2 T0gas ω τcool Lasheat fr τflow cos ω t( ) Lasheat ω

2
 fr τflow

3
 2 T0gas ω

3
 τflow

2
 τcool Lasheat fr τflow cos 2 ϕ ω fr τf



ressimplified ω fr T0gas τflow τcool t 
2 sin ϕ ω fr τflow τcool  ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ ω fr τflow τcool  2 ω τflow sin 2 ϕ ω fr τflow τcool  ω t  ω τflow sin ω t( ) 2 ω
2

 τ

2 τcool ω
2

 τflow 2
τcool

τflow




















0 5 10
4

 0.001 0.0015 0.002

1

0.5

0

0.5

1

1.5

Comparison of original and simplified expression for Tgas

Time sec

Tg
as

-1
73

0 
K

I will use simplified expression

Tgas ω fr T0gas τflow τcool t 
2 sin ϕ ω fr τflow τcool  ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ ω fr τflow τcool  2 ω τflow sin 2 ϕ ω fr τflow τcool  ω t  ω τflow sin ω t( ) 2 ω
2

 τflow
2



2 τcool ω
2

 τflow 2
τcool

τflow
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Solve for Tsoot

Tgas

2 sin ϕ
ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ( )
2

 ω τflow sin 2 ϕ ω t( ) ω τflow sin ω t( ) 2 ω
2

 τflow
2

 sin ϕ( )
2



2 τcool ω
2

 τflow 2
τcool

τflow


















fr Lasheat

ω
 T0gas=

Tsoot Tgas
Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]=

Tsoot

2 sin ϕ
ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ( )
2

 ω τflow sin 2 ϕ ω t( ) ω τflow sin ω t( ) 2 ω
2

 τflow
2

 sin ϕ( )
2



2 τcool ω
2

 τflow 2
τcool

τflow


















fr Lasheat

ω
 T0gas

Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ]=

ω ω t t ϕ ϕ τflow τflow τcool τcool Lasheat Lasheat T0gas T0gas Tsoot Tsoot

2 sin ϕ
ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ( )
2

 ω τflow sin 2 ϕ ω t( ) ω τflow sin ω t( ) 2 ω
2

 τflow
2

 sin ϕ( )
2



2 τcool ω
2

 τflow 2
τcool

τflow


















fr Lasheat

ω
 T0gas

Lasheat tan ϕ( )

ω
1 cos ϕ( ) sin ω t ϕ( )( )[ ] collect Las

Tsoot
tan ϕ( ) sin ω t ϕ( ) cos ϕ( ) 1( )

ω

fr 2 sin ϕ
ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ( )
2

 ω τflow sin ω t( ) ω τflow sin 2 ϕ ω t( ) 2 ω
2

 τflow
2

 sin ϕ( )
2












ω
2 τcool

τflow
2 ω

2
 τflow τcool



























Lasheat T0gas=

I Have not found a way to simplify this symbolic expression other than the obvious of collecting Lasheat  terms  I have tried expessing
time constants as phase terms e.g. ω τcol tan ϕcol =  but it produced little useful simplification

ϕ ϕ T0gas T0gas τflow τflow τcool τcool ω ω Lasheat Lasheat fr fr
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t

tan ϕ( ) sin ω t ϕ( ) cos ϕ( ) 1( )

ω

fr 2 sin ϕ
ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ( )
2

 ω τflow sin ω t( ) ω τflow sin 2 ϕ ω t( ) 2 ω
2

 τflow
2

 sin ϕ( )
2












ω
2 τcool

τflow
2 ω

2
 τflow τcool



























Lasheat T0gas















d

d
collect Lasheat

Dif1 cos ω t ϕ( ) cos ϕ( ) tan ϕ( )

fr 2 ω cos ϕ
ω t

2






 sin ϕ
ω t

2






 ω
2

τflow cos ω t( ) ω
2

τflow cos 2 ϕ ω t( ) 2 ω cos
ω t

2






 sin
ω t

2














ω
2 τcool

τflow
2 ω

2
 τflow τcool























Lasheat=

cos ω t ϕ( ) cos ϕ( ) tan ϕ( )

fr 2 ω cos ϕ
ω t

2






 sin ϕ
ω t

2






 ω
2

τflow cos ω t( ) ω
2

τflow cos 2 ϕ ω t( ) 2 ω cos
ω t

2






 sin
ω t

2














ω
2 τcool

τflow
2 ω

2
 τflow τcool























Lasheat 0= solve t cos ω t ϕ( ) cos ϕ( ) tan ϕ( )

fr 2 ω cos ϕ
ω t

2






 sin ϕ
ω t

2






 ω
2

τflow cos ω t( ) ω
2

τflow cos 2 ϕ ω t( ) 2 ω cos
ω t

2






 sin
ω t

2














ω
2 τcool

τflow
2 ω

2
 τflow τcool























Lasheat 0= solve t 

I Tried above to find the value of t that would make the first differential zero. That would've given me an expression which identified the first turning point (maximum or minimum).

Calculate numerical results

fr T svf( )
HCsoot T svf( )

HCair T( )


HCair
ϕc ω τcool  atan ω τcool  ϕf ω τflow  atan ω τflow  ϕ ω τflow τcool svf T0gas  atan

ω

1 fr T0gas svf 

τcool

1

τflow





















fr

Tsoot ω T0gas τflow τcool svf t 
tan ϕ ω τflow τcool svf T0gas   sin ω t ϕ ω τflow τcool svf T0gas   cos ϕ ω τflow τcool svf T0gas   1 

ω

fr T0gas svf  2 sin ϕ ω τflow τcool svf T0gas  ω t

2






2


















ϕ

Tgas ω T0gas τflow τcool svf t 
2 sin ϕ ω τflow τcool svf T0gas  ω t

2






2

 2 sin
ω t

2






2

 2 sin ϕ ω τflow τcool svf T0gas  2 ω τflow sin 2 ϕ ω τflow τcool svf T0gas  ω t  ω τflow sin ω(

2 τcool ω
2

 τflow 2
τcool

τflow




















ϕ

Lasheat Pd T 
6 Pd π Em

λlaser fCp T( ) RHOS
=

Tdif T0gas Lasheat ω fr τflow τcool t 
Lasheat Pd T0gas  tan ϕ ω τflow τcool svf T0gas  

ω
1 cos ϕ ω τflow τcool svf T0gas   sin ω t ϕ ω τflow τcool svf T0gas   

ϕ
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 f 2500

f kHz simulation τflow=.0006 sec and τcooling=2*10^-6 sec, 2.5 ppm soot

Time sec

Te
m

pe
ra

tu
re

 K

Ts
oo

t-T
ga

s 
K

1.036

0.294

0.701

1.643 10
4



2

f

0

Calculate numeric first and second derivatives of Tsoot equation

ϕ ϕ T0gas T0gas τflow τflow τcool τcool ω ω Lasheat Lasheat fr fr

Dif1 cos ω t ϕ( ) cos ϕ( ) tan ϕ( )

fr 2 ω cos ϕ
ω t

2






 sin ϕ
ω t

2






 ω
2

τflow cos ω t( ) ω
2

τflow cos 2 ϕ ω t( ) 2 ω cos
ω t

2






 sin
ω t

2














ω
2 τcool

τflow
2 ω

2
 τflow τcool























Lasheat=

Lasheat Pd T 
6 Pd π Em

λlaser fCp
T

K





 RHOS


fr T svf( )

HCsoot T svf( )

HCair T( )


HCair
ϕ ω τflow τcool T0gas svf  atan

ω

1 fr T0gas svf 

τcool

1

τflow





















fr
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 dif1 ω τflow τcool T0gas svf t  cos ω t ϕ ω τflow τcool T0gas svf   cos ϕ ω τflow τcool T0gas svf   tan ϕ ω τflow τcool T0gas svf  

fr T0gas svf  2 ω cos ϕ ω τflow τcool T0gas svf  ω t

2






 sin











 ϕ

dif1
1000 2 π

sec
0.00045 sec 1 10

6
 sec 1730 K 2.5 10

6
 .0002474 sec




dif1

ϕ ϕ T0gas T0gas τflow τflow τcool τcool ω ω Lasheat Lasheat t t ϕf ϕf fr fr

t
cos ω t ϕ( ) cos ϕ( ) tan ϕ( )

fr 2 ω cos ϕ
ω t

2






 sin ϕ
ω t

2






 ω
2

τflow cos ω t( ) ω
2

τflow cos 2 ϕ ω t( ) 2 ω cos
ω t

2






 sin
ω t

2














ω
2 τcool

τflow
2 ω

2
 τflow τcool























Lasheat











d

d
Lasheat

fr ω
2

sin ϕ
ω

2



















Dif2 Lasheat

fr ω
2

sin ϕ
ω t

2






2

 ω
2

cos ϕ
ω t

2






2

 ω
2

cos
ω t

2






2

 ω
2

sin
ω t

2






2

 ω
3

τflow sin ω t( ) ω
3

τflow sin 2 ϕ ω t( )










ω
2 τcool

τflow
2 ω

2
 τflow τcool











ω sin ω t ϕ( ) cos ϕ( ) tan ϕ( )















=

dif2 ω τflow τcool T0gas svf t  Lasheat

fr T0gas svf  ω
2

sin ϕ ω τflow τcool T0gas svf  ω t

2






2

 ω
2

cos ϕ ω τflow τcool T0gas svf  ω t

2






2

 ω
2

cos
ω t

2






2

 ω
2

sin
ω t

2






2

 ω
3

τflow sin ω (






ω
2 τcool

τflow
2 ω

2
 τflow τcool




















fr

dif2
1000 2 π

sec
0.00045 sec 1 10

6
 sec 1730 K 2.5 10

6
 .0002474 sec




dif2

freq stack 25 100 500 1000 2500 5000 7500 10000 20000 30000 40000 100000( )

din 1 rows freq( )
τflow 0.0005 τcool

CTOL 0.001 TOL 0.001
Guess x .25

Given

1

freq

dif1
freq

din
2 π

sec
τflow sec τcool sec 1730 K svf

x

freq
din

sec








0= x 0 x
π

2
 Res din( ) Find x( )Res
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The solve block finds the value of X for which the function dif1 is 0. dif1is

t
Tsoot

d

d
 and we finding the time, x, in units of 

1

freq
 or the period of the laser driving

function.  There are multiple such minima and maxima and the solve block is limited to the interval x of -π/2 to 0  

Res din( ) freq
din

2 π Res
1

freq
din

0.04

0.01

0.002

0.001

0.0004

0.0002

0.000133

0.0001

5 10
5



3.333333 10
5



2.5 10
5



1 10
5












































Res din( ) Res

atan Res din( ) 2 π
π

2






deg


Res

phasetheorydin

atan Res din( ) 2 π
π

2






deg


Res

What is dif1 for the solve
blocksolutions

dif1
freq

din
2 π

sec
τflow sec τcool sec 1730 K svf

Res din( )

freq
din

sec







dif1

Guess x .08

Given dif1
freq

5
2 π

sec
τflow sec τcool sec 1730 K 2.5 10

6


x

freq
5

sec








0=

Res2 Find x( )  Find x( ) 

dif1
freq

5
2 π

sec
τflow sec τcool sec 1730 K svf

Res2

freq
5

sec







dif1

Res2

Res 5( )
1 

Res2

This individual fit was an attempt to see if a more accurate solution would be found by starting the fit with a guess value very close to the solution obtained in the first solve block.  Indeed
it did fi d t l ti id d b th f t th t th th l f dif1 t thi l ti i t l 1/3 th i i l l Th ti f th t l ti

D:\Mathcad-collab\TMP\Modulated LII theory use me2 (kt comments).xmcd 26 of 41 Last saved: 20:25 27.07.2013



 

it did find a more accurate solution as evidenced by the fact that the the value of dif1 at this new solution was approximately 1/3 the original value.  The ratio of the two solutions 
Res2

Res 5( )
1 

Res2
 indicates that the improvement was in the 15th decimal place – not significant

The value of the second differential for each of the
solutions is positive indicating that we have found a
minimum turning point rather than a maximum.

dif2
freq

din
2 π

sec
τflow sec τcool sec 1730 K svf

Res din( )

freq
din

sec







dif2

orig

5.15

31.58

45.15

49.16

47.59

30.38

22.1

20.99



























Experimental data

phase stack 0 29 53 65 57 29 25 32( )
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phase

0.6

0.4

1.2

12.2

46.8

59.8

56.0

40.8

32.0

27.9

26.2

27.9

28.9

31.9

0.3

2.7

0.4

11.6

46.4

59.5

56.8

40.9

33.3

28.7

25.7

27.3

31.9

30.6









































 phaseexp
phase

1 
phase

2 


2
 freqexp

25

25

25

100

500

1000

2500

5000

7500

10000

20000

30000

40000

40000











































phaseexp

0.15

1.55

0.4

11.9

46.6

59.65

56.4

40.85

32.65

28.3

25.95

27.6

30.4

31.25











































vs_phase loess log freqexp  phaseexp 0.5 

fit_phase z( ) interp vs_phase log freqexp  phaseexp z 
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Phase delay

log(frequency)

ph
as

e 
de

la
y 

de
gr

ee
s

60.081

1.55

51.398
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f kHz simulation τflow=.0004 sec and τcooling=1*10^-6 sec, 2.5 ppm soot

Phase -π/2 to 2*π
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Calculate amplitude of signal
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Are the negatives a function of the IC (or not having solved for
it)?
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Is this a comparison of temperature and signal intensity?  Is that an appropriate comparison?
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=
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Since Tgas  is essentially constant - if we ignore gas heating - then the soot temperature decays
exponentially with a time constant τ given below where we have ignored the mean aggregate size Rg as
being negligible in the free molecular regime of a flame 
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Unsuccessfull Fourier transform attempts
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 Calculate modulated radiation 1

40
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Theoretical Radiation power of a Soot Particle:

Using Wein approximation 1807.2 1731 76.2
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Em= where Em is the scattering function

The total (over 4· steradians) spectral power radiated at wavelength  by a single particle of diameter
dp,

If we want the signal in photons/sec rather than watts  we must divide by the energy of a single photonh c

λ

Pho_Par
8 π

3
 c dp

3


λ
5

exp
h c

kb λ TP


















Em=

Pho_Par TP λ dp( )
8 π

3
 c dp

3


λ
5

exp
h c

kb λ TP


















Em

Pho_Par 1730 K 450 nm 30 nm( ) 409.635819
1

s
nm

1
 This is the number of photons per nm wavelength interval into 4*π

steradians
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To a good approximation we can calculate modulated radiation intensity from the product of r this differential and temperature change using an average
temperature
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Here I get the error: "This value must be a scaler" and it points to variable svf which is a scaler
and has been reset with svf svf

The symbolic Fourier transform is evaluated in a separate Mathcad sheet see below 
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