Theory of modulated LIl (MLII) version 2

Reference sheets

a necessary reference worksheet which contains data extraction
functions. This version has been modified so that a value for
Cp.soot is returned for any temperature

Reference:D:\Mathcad-collab\TMP\Useful_2001.xmcdz(R) Units & Fundtl. constants
Reference:D:\Mathcad-collab\TMP\constant3_DRS.xmcdz

Reference:D:\Mathcad-collab\TMP\Useful_2001.xmcdz(R)

Problem

We have a laser source modulated light source at a frequency f that is inducing periodic changes in soot temperature. In
general both the light source and the resultant signal can have a DC component as well as the AC term at frequency f. In
the derivation below I will not consider any DC component to the driving signal since our laser is purely AC. In general one
can write the source term as: Imod = Cnst « (1+ Mod, » sin(w e t) where, in our case Modz=1

Imod = Cnst e (1 + Mod) e sin(w e t) For modulation at angular frequency w=2*m*f

For definition of modulation depth see figure below See "R:\Optical Diagnostics\Spencer_AnnNYAcaSci158_69.pdf"

364 Amnnals New York Academy of Sciences

ALTERNATE METHODS OF
MEASUREMENT OF T°

1. PHASE DIFFERENCE WITH SCATTERER.

2. RELATIVE MODULATION.
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MODULATION FREQUENCY=)¢'

&= PHASE DIFFERENCE; tan8 = 2=xfT In the file "A:\Analysis\Modulated L
of modulated LII (MLLI). It became
DF - Fn’nx- l:rr'lin / Fm+ l--l‘nin approach here

DS= rnox"smin / S’rr't:|><+ S’min

D = RELATIVE MODULATION-=

De / Dg = 1/-/1+413/"T’= cos &S

FIGURE 2. Schematic diagram showing the phase lag and demodulation of the
photocurrents due to scatter, S, and a fluorescent solution, F.

Source gas velocity
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This is Fengshan's model data for centre line gas velocity with height above burner z
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Axial velocity increases from ~ 25 to - 200 cm.sec

1lemm For soot volume fraction " _
. . - . 1emm —— =05ems svfi=2.5e 10
Therefore the residence time for an excitation region =2 ems to cm of 2.5 PPM
of approximately 1 mm is sge M 200 « wec
sec
Lemm 0.571
. - =Uu. * ms
At 42 mm height cm
175 ¢ —
sec
what is diffusion distance in this time for air at 1730
K?
0.5
-4 m 0.5 1lemm
Dair:=36¢10 o — Xdif = (2eDet) 20 Dgjre ———— = 0.641427 « mm
sec cm
175 ¢ —
sec
0.5
2 e D, Lemm 0.641427
. . . . . ir® ————— = U. o mm
Distance diffused in time gas flow moves 1 mm arr cm
175 ¢ —

sec

Soot and gas heat capacity and modulated CW laser heating

Heat capacity of soot

. 1
Heat capacity soot fcp(3000) = 2274.801287 . o)
g

. Lo 6
P o) volumetric heat capacity is: fCp(3000) e RHOS = 4.310748 x 10
m e K

T
HCsoot(T, svf) := RHOS e svf e fcp(T(J heat capacity of soot per unit volume of soot/air mix

Heat capacity of air
Cpair(293) = o

CVair(1700) = u o J CVair(293) =n o) Cpair(293) =u o)

c. f. handbook of Chemistry and Physics to "our value

ca 1
Cpair3p = 2401 e~ - = 1005.25068, ~ -« Cpair(300) =u ) very close
the gas equation where nis in n p
gives PeV=neReT moles V.o ReT
. . . 1 e atm gm
So density of air pajr(T) is pair(T)i= ———— ¢ | 28.96 »
TeKeR mole
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k k
From handbook pajr293 := .001205 e Tg = 1.205—g3 compare Pair(293) = 1.204447g
3
m
. . T 1 e atm gm . . .
Therefore the volumetric heat capacity of HC,ir(T) := Cpair| — | ® e|2896 e ignoring any dependence of Mol. Weight
air at 1 atm. and temperature T is TeR mole of air with T
HCair(1730 e K) = o J
Define ratio
HCso0t(T, svf)
fr(T, svf) = ———— -6
HCair(T) frl1730 ¢ K, 2.5 ¢ 10 =1
HCso0t(T, svf) + HCajr(T) 1 HCair(T) + HCsoot(T, sV) 1 + fr(T, svf)
1+ fr(T, svf) = +1= =
Note HCair(T) fr(T, svf) HCsoot(T, svf) fr(T, svf)

Laser heating of soot

If Pgis the unmodulated laser power density.eg. W//mm?

The formula for the absorption of radiation a single primary particle is the product of the absorption cross-section and the laser power density. Where the absorption

2
- ' - 4emedpeEm . . medp
cross-section is a product of the absorption efficiency T and the cross physical cross section
laser
2 3
T edp eEm . . .
Powerghs = Pge ————————— for a single primary particle
Naser
N = svf
For a soot volume fraction of svf the number pp = 3
density of primary particles, Npp, is T edp
6
2 3
b b T edp eEm svf b 6eTeEmM "
= L] L] = L] .
The heating (power absorbed) per unit vol = 7d Naser 3 d Naser *V
volume of soot laden gas will be ™o dp
6
. . . T
The heat capacity of the soot per unit volume of soot laden gas is: HCsoot(T, svf) = RHOS e svf e pr(f)
K

The rate of soot temperature increase by the laser will then be

2 3 RHS s the rate of soot heating i.e. the
d._ Py m™ edp eEm svf - 6emePdeEm rate of absorption of energy divided by
dt Naser 3 Naser ® fCp(T) e RHOS the soot particle heat capacity
(pr(T) . P e RHOS o SVJ
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So the power absorbed per unit

volume of soot laden gas is Pvolaps = Pow

The heat capacity of the
soot/unit volume of gas is Npp * o fC
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6ePgemeEm Pd:75000E
3

define LaSheat(Pd, T) = s

=
Naser ® fCp| — | » RHOS 5K
laser p(K) Lasheat(Pd. 1730 » K) = 1.824556 x 10° —
S

What is LaSheat(Pd) for our experimental conditions?

-6
What value for Pq? TOgas := 1730 K Em = 0.4 Mlaser := 805 ¢ nm svf:= 2.5 ¢ 10
805 nm laser has a maximum CW output of 170 mW. If we modulate it with a sine wave then the maximum peak to peak of the fundamental of the sine wave should be ~
150 mW assuming we don't loose to much in harmonics. The laser cross section is ~1 mm2 so Pgis ~ 150 mWmm-2 maximum peak to peak and the average value will

be 75 mWmm-2

-3
Pq:=75010 e

mm
6eTeEm 6
6ePgemeEm 5K Pqe ——— e svf= 175617 x 10 o)
. Lasheat := = 1.824556 x 10 — Naser
So Lasheat(Pd) is Naser ® fCp(1730) © RHOS s m es
fCp(1730) = 2031.702048 o)
kg o K
T -6
HCsoot(T, svf) := RHOS e svf e fCp E HCsoot\1730 @ K, 2.5 ¢ 10 =9.625188 o)
m eK

Consider soot and gas at some undisturbed temperature ., and neglecting gas flow then
the differential equations describing temperature change with laser illumination follow

To make this problem tractable | will make the following assumptions. The undisturbed soot temperature is  TOgasad the excitation regions at a uniform

temperature Tsoot and  TgasWhere the latter area function of time

Neglecting gas flow the differential equations describing soot heating are

The differential equation describing d - (Tsoot - Tgas) (T v HCsoot(T, svf)
i —Tgas = fr(T,svf) ¢ ————— r(T,svff = ————
gas and soot heating are ot 8 Teool HCair(T)
dT 6emeEmePqe (1l+sin(wet)) (Tsoot—Tgas)
— Isoot = -
dt RHOS © Njaser ® fCp(T) Tcool
d d d 6e e EmePyesvfe (1+sin(wet)) (Tsoot - Tgas) (Tsoot - Tgas)
—(Tsoot - Tgas) = _Tsoot — —Tgas = - = fr(T, svf) ¢ —————
dt dt dt RHOS e Njaser  fCp(T) Tcool Tcool
6 PgeTeEme svf
Lasheat =
Let Naser ® fCp(T) e RHOS
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d (Tsoot - Tgas)
—(Tsoot - Tgas) = Lasheat ® (sin(wet) + 1) - ——— o (1 + fr(T, svf))
dt Tcool

What is solution of the ¢ (150t - Tgas) €quation?
dt

te (1+fr(T, £ svf
Multiply left hand side by integrating factor exp{.(r(svﬂ):| SVIi= sV

Tcool

. T =T, o (1+fr(T,svf)) 0 .
exp|:t(1+fr('l',svf)):| . [:t (Tsoot - Taad) + (Tsoot — Tgas) H(T, sv } _d {exp[t(l”r(ls"m} « (Tsoot - Tgas)j| - exp[t(l”r(ls"m} « [Lasheat(Pd) » (sin(w » 1) + 1]

Tcool Tcool dt Tcool Tcool

Integrating we get  Lasheat := Lasheat frr=fr  Teanl:= Teonl

t fret
+

Tcool Tcool
|2

2 2 2 2
Lasheat ® Tcoo| @ € ofr+sin(wet)+fr esin(wet)+fr +2efresin(wet)+w o Tcogl 7w0'rcoo|ocos(w-t)—wOfr-Tcoo|-cos(w0t)+1)

( [t0(1+fr)
exp| ——

| j| e [Lasheat e (sin(w e t) + 1)] dt >

J

2 2 2
Teool (fr+1)e (w o Teool +fr° +2efr+ 1)

| get error pattern match exception for this evaluation
It calculateed in a blank worksheet to give:

t fret
—_

Tcool Tcool (
L]

2 2 2 2
Lasheate Tcool® e 2efr+sin(met) +fr esin(Wet) +fr +2efresin(Met) + ® o Teoggl — Me Teool ® CoS(Me t) — We fre Teogl ® COS

|( ex;{M} e [Lasheate (sin(me 1) + 1)] dt >

J Tcool (fr+1) e ((02 . 'cco0|2 + fr2 +2efr+ 1)

Therefore
. 2 2 ) 2 2
Lasheat ® Tcopl ® | 2 @ fr(T,svf) + sin(w e t) + fr(T,svf) e sin(w o t) + fr(T,svf) + 2 e fr(T,svf) e sin(wet) + w ® Tcool — W e Tcool ® COS(wW @ t) — w @ fr(T,svf) ® Teop| ® cos(w e t) + 1
Tsoot — Tgas = 5 5 5
(fr(T,svf) + 1) e (w ® Tcool + fr(T,svf) + 2 e fr(T,svf) + 1)
2 2 2 2
Lasheat ® T¢coo| ® |:(fr(T,svf) +1) +sin(we t)|:(fr(T,svf) +1) j| + W ®Tcool —We Tcool ® cos(wet)e(1+ fr(T,svf)):|
Tsoot — Tgas = 5 5 ;
(fr(T,svf) + 1) @ |:w ® Tcool + (fr(T,svf) + 1) :|
2 2
W ® Tcool W e Tcool ® cos(w e t)
Lasheat ® Tcool ® |1+ sin(w e t) + -
2 1 + fr(T,svf)
(fr(T,svf) + 1)
Tsoot — Tgas = 5
W ® Tcool
(fr(T,svf)+ 1) ¢ | —— + 1

(fr(T,svf) + 1) 2

We can recast the equation in terms of a phase angle
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W e Tcool 1
Let b tan( ) Note tan(q))z +1= ——
1 + fr(T,svf) 2
cos(9)

Lasheat ® Tcopl @ | sin(w e t) + ! — tan(¢) e cos(w e t)
cos()”

Tsoot — Tgas = 1
(fr(T,svf) + 1) 5
cos(¢)
Lasheat ® T¢oo| ® (sin(w ot)e cos(d))2 +1- cos(d))2 e tan(d) e cos(w t))
Tsoot ~ Tgas = (Fr(T,svf) + 1)
Lasheat ® T¢cop| ® cos(d) @ (sin(w o t) @ cos(d) + 1 — sin(P) e cos(w e t))
Tsoot ~ Tgas = (Fr(T,svf) + 1)
Lasheat ® Tcopol ® (1 + cos(d) e sin(w e t— d))
Tsoot — Tgas =

(fr(T,svf) + 1)

The integrals above do not include the integration constant, but, since att=0 $=0 and Tsoot — Tgas=0, the integration constant is zero

[*] Check that original Mathcad symbolic solution and my rearrangements of it give the same results
Check that original Mathcad symbolic solution and my rearrangements of it give identical results

HCsoot(T, svf)

fr(T, sv) f (1730 K,2e10 6) o T, svf) = at ©* Teool
r(T,svf) = ——— r e K,2e =1 Tcool, W, T, svf) := atan| —————
HCair(T)  * cool 1+ fr(T,svf) )"

2 2
W ® Tcool W e Tcool ® cos(w o t)

T o|1+sin(wet)+
cool 1+ fr(T, svf)

(fr(T, svf) + 1)2

cfl(‘rcoo|, w, T, svf, t) = 5 5
W ® Tcool
(fr(T,svf) +1) | —————

(fr(T, svf) + 1)2

2 2 2 2
Tcool ® (2 o fr(T, svf) + sin(w e t) + fr(T,svf) e sin(w e t) + fr(T,svf) + 2 e fr(T,svf) esin(wet)+w ®Tcog] — W® Tcool ® COS(wW e t) —w e fr(T,svl) @ Tcopl ® cos(w o t) + 1)

cf2(T ,w, T,svf, t) =
( cool ) 2 2 ’
(fr(T,svf) + 1) e (w ® Tcool + fr(T,svf) + 2 e fr(T,svf) + 1
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W ® Tcool W ® Tcool
Tcool ® |1+ cosl atan| ———— || esinfwet—atanf ————
1+ fr(T, svf) 1+ fr(T, svf)

(fr(T, svf) + 1)

cf3(‘rcoo|, w, T, svf, t) =

—6
3.803x10

207720000

sec

-6 -6
cf1(2010 esec, , 1730eK, 2.5010 , zesec

207720000

sec

-6 -6
cf2| 2010 esec, , 1730eK, 2.5010 , zesec

20771020000
sec

-6 )
cf3(2-10 esec, , 1730eK, 2.5010 , zesec

—8
5.425x10

0 z .0001

fr(1730 e K,
[+] Check that original Mathcad symbolic solution and my rearrangements of it give the same results

Solve the equation for g,

The differential equation describing gas heating is d (Tsoot - Tgas)
—Tgas = fr(T, svf) ¢ ————
dt Tcool
d Lasheat ® (1 + cos(¢) ® sin(w e t— ¢)) e fr(T, svf)

Using solution above for (Tsgot — T we get: " Toac =
(Tsoot ~ Tgas) @ & (1 + fr(T,svh)

Substitute fr for fr(T,svf)

Integrating Lasheat := Lasheat fr:=fr

<
)
<
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r Lasheat ® (1 + cos(®) e sin(w e t— @)) o fr Lasheat e fr ® (cos(2 @ b —wet) + cos(wet) —2e wet)
Tgas = | dt — Tgas = —
(1+ fr)

20w+ 20 wefr

| get error pattern match exception for this evaluation

It calculateed in a blank worksheet to give:

( Lasheate (1 + cos(9) e sin(we t- §)) o fr g

Lasheats fre (cos(2 e ¢ — @e 1) + cos(me ) — 2 ¢ ®e 1)
Tgas = | t— Tgas =

(1+1r) 2em®+ 20 e fr

Lasheat e fr ® (cos(2 e b —wet) + cos(wet) —2e wet)
Tgas = — + Intcon
20w+ 20 wefr

5 K
Lasheat(Pd. 1730 » K) = 1.824556 x 10 N

What is the integration constant?

T To Lasheat o fr e (cos(2 e ¢) + cos(0)) nt
gas gas 20w+ 20 wefr con

When t=0

Lasheat o fr e (cos(2 e ) + 1)

20w+ 20 wefr

Intcon = TOgas +
So final equation is:

Lasheat o fr
Tgas=TOgas+ ———————— * [[cos(2e ) +1—(cos(2ed—wet)+cos(wet)—2ewet)]]
20w+ 20 wefr

Calculate some numerical examples
6ePgeTeEm

5 K
LaSheat(Pd, T) = Lasheat(Pd, 1730 @ K) = 1.824556 x 10 S

-3
Pgi=75¢10 o ——
mm

N

T
Naser ® pr(E) e RHOS

HCsoot(T, svf)

fr(T, svf) o T, svf) = at 0 * Teool
r(T,svf) = ——— T ,w, T,svf) = atan| ————
HCair(T) cool 1+ fr(T, svf)

Lasheat o fr(T, svf) ® I:cos(z . d)(’l'cool, w,T, svf)) +1- (cos(z . ¢(TcooI~ w,T, svf) —we t) +cos(wet)—2ewe t)]

Tgas| Tcool, w, T, svf, t) := TOggs +
gas( cool ) gas™ 5, (w+ w e fr(T, svf))
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20 kHz excitation, 2.5 ppm soot, cooling T7=2.10"-6 sec

1732.608

5K
Lasheat = 1.824556 x 10 —
s

Tgas K

1730

16eTT
Periods of oscillation 0 to 16*pi

Solve the equation for 70t

10 Lasheat (T, svi) I: (2 ¢
+ ————————— o fr(T, svf) ®|cos(2 e
Lasheat e fr gas 20 we (1+fr)

We have Tgas =TOgas+ ———————— ® [[cos(2e d) + 1~ (cos(2e hp—wet)+cos(wet)—2ewet)]]

20 we (1+fr)
g Lasheat ® Tcopol ® (1 + cos(P) e sin(w e t— P))
an T — Toac =
soot gas (Fr+ 1)

Therefore

Lasheat o fr
Tsoot = TOgas +

Lasheat ® Tcopol ® (1 + cos(P) e sin(w e t— P))
—————————— e [cos(2eP) +1—(cos(2ePp—wet)+cos(wet)—2ewet)]+
20 we (1+fr)

Tsoot = TOgas + Lasheat
(fr + 1)

Lasheat fr e [cos(2 e d) + 1 — (cos(2e P —wet)+cos(wet)—2ewet)]
Tsoot = TOgas + .

1+ f) e w +Tcoo|‘(1+‘3°$(¢)'Sin(w't—¢))i|

Calculate some numerical examples

fr(T, svf) 20 0 ,w, T,svf)) +1 - 20 , W, T,svf| — t) + cos( t) -2 t
kg [0 ) 1 oot ) b2

20w

+ Tcool ® (1 + cos(cb('rcoo|, w,T, svf)) . sin(w ot— ¢(Tcoo|, w,T,sv
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The term  sin(w e t- o(rcoar, w. 7. svt)) IN the above expression shows error "this value must be a function but has the form R unitless

20 kHz excitation, 2.5 ppm soot, cooling 7=2.10"-6 sec

1770

1730

2.5 ppm soot, cooling time constant 7=2.A10"-6 sec
1733.134
1735.547

N

qJ x

= o

© 2

g ©

g g

© 5

'_
1730 1730
0 16T 0 8eTw
Periods of oscillation 0 to 16*pi Periods of oscillation 0 to 8*pi
Tsoot 2.5 ppm soot, cooling time constant T=2.210%-6 sec
1756.428

N
g
2
o
[
Q
IS
()
'_
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1730.19

0 1607
Periods of oscillation 0 to 16*pi

At high frequencies there are 1 many cycles of excitation during the gas replacement time and the heating tends towards a constant value. At lower

frequencies there is only a fraction of a cycle within the gas replacement time and the heating rate is modulated depending on the instantaneous value of
the modulated heating

Consider the effect of gas flow assuming cooling is very fast i.e. 7ot + Tgas

The original equation for soot heating
is:

6e T eEme Py

dTsoot ~ 6emeEme Py (Tsoot - Togas) Lasheat =

= o (l+sin(wet) - —— RHOS e X\ o fCp(T
dt RHOS e Njaser ® fCp(T) ( ( ) Tow laser ® fCp(T)

In the above expression utilizing soot temperature is calculated by dividing the energy absorbed by the heat capacity of the soot. However, under the assumption that
cooling is very fastthe energy absorbed must teach both the soot and the gas resulting in a large reduction in the temperature rise. Above it was shown that:

1 - HCair(T) + HCsoot(T, sV 1+ fr(T, svf)

+
fr(T, svf) HCsoot(T, svf) fr(T, svf)

we can correct for the effect of gas heating by multiplying the original expression by the ratio of the heat capacity of the soot divided by the total heat capacity of both soot and air.

dTsoot 6emeEmePq fr(T, svi) (Tsoot - Togas)
= . o (l+sin(wet) - ———
dt RHOS e N|aser ® fCp(T) (1 + fr(T, svf)) Tflow
the above equation contains the following assumptions: at low frequencies relaxation of the soot temperature is very fast and the soot temperature is effectively the gas
temperature. The second term on RHS of the above equation assumes that fresh gas replacement with a time constant Tfjow

setting fr = fr(T, svi)
. fr
Rearranging dTsoot  Tsoot fr TOgas
+ = e Lasheat ® (1 + sin(w e t)) + 1+ fr
dt Tflow 1+ fr Tflow

t
Multiply left hand side by integrating factor exp
Tflow

t dTsoot  Tsoot t fr TOgas
exp . + = exp . e Lasheat ® (1 + sin(w e t)) +
Tflow dt Tflow Tflow 1+fr Tflow
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t
) d t integrating we exp ® Tsoot
LHS is — exp( j * Tsoot get Tlow

dt Tflow
. TOgas = TO T =T
Integrating RHS we get fro=fr gas gas flow := Tflow
t
T flow 2 2 i 2 3 2
t fr T0 gas e ® \T0.gas + T0.gas ® fr + T0,gas ® w ® T flow + Lasheat e fr e T flo\ + Lasheat o fr e T flow ® sin(w o t) + Lasheat e w o fr e T floy + TO gas® w o fi
| exp . e Lasheat e (1 +sin(wet)) + dt -
T flow 1+fr T flow

2 2 2 2
frrw eTflow +w efreTfow +1

| get error pattern match exception for this evaluation

wi=w t=1t =0 Tflow := Tflow Tcool := Tcool Lasheat := Lasheat TOgas := TOgas Tsoot == Tsoot

2 2 2 3 2 2 2 simplify
TOgas + TOgas ® fr + TOgas ® w @ Tflow + Lasheat e fr e Tfoy + Lasheat e fr @ Tflgy @ sin(w e t) + Lasheate w o fr e Tfloyy + TOgas® w o fr e Tfow — Lasheat e w e fr e Tfioy © cos(w e t) fr ® Tflow -

collect, TOgas —
The 2 2 2 2
frrw eTflow +w efreTfow +1

collect, Lasheat

| get error emission failure for this evaluation

2 3 2 2 2
fr @ Tflow + fr ® Tflow ® sin(wet) + w e fre Tfgy — wefre Tfoy © cos(wet) l+sin(wet)+w o Tflow — We Tflow ® cos(w e t)

Tsoot = e Lasheat + TOgas = 1 ) )
(1 + ?j . (w ® Tflow + 1)
r

5 5 5 5 ® Tflow ® Lasheat + TOgas
frrw eTflow +w efreTfow +1

HCsoot(T, svf)

Calculate some numerical examples fr(T, svf) ==
HCair(T)

2 2
l1+sin(wet)+w o Tflow — We Tflow ® cos(w e t)

1+; O(wzt‘r 2+1)
fr(TOgaS, svf) flow

FOr sinfwet) + o’ mriow’ - we mrow « cosiw « ) IN the above expression shows error "this value must be a function but has the form R
unitlesst

Trise(W, Tflow» TOgas. t) = LaSheat(Pd, Togas) ® Tflow ®
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Soot temperature modulation tflow= 0.6 msec

7.808

Temperature K

0.017

JeTr
Period of oscillation 0 to 4*pi

|£| consider the effect of gas flow by setting up an energy balance. This approach gives strange results and is almost certainly incorrect.
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Consider the effect of gas flow without any assumptions THlow = Tflow el = Peol
(T, svi) HCso0t(T, svf)
r(T,svf) = —————

dTsoot ) (Tsoot - Togas) (Tsoot - Tgas)
= Lasheat ® (1 + sin(w e t)) — -

HCair(T)

Tflow Tcool

The starting differential equation describing

soot & gas heating are:
d (Tsoot - Tgas) (Tgas - Togas) . -
~ Tgas = fr(T, svf) o - does TOgas in Tsoot-TOgas/tau_flow represent the soot temperature of the soot outside of
dt the heated volume (which should be equal to the gas temperature outside the volume)?

Tcool Tflow
d d d ) (Tsoot - Tgas) (Tsoot - Togas) (Tsoot - Tgas) (Tgas - Togas)
—(Tsoot - Tgas) = _Tsoot — — Tgas = Lasheat ® (1 + sin(w e t)) — - —fre +
d dt dt Tcool Tflow Tcool Tflow
d ) (Tsoot - Tgas) Tsoot — Tgas
£ (Tsoot — Tgas) = Lasheat » (sin(w e 1) + 1) — |~ o (L+fr) + ———
dt Tcool Tflow
. . d . ,? 1+ fr 1
What is solution of the £ (tseet - Tgss) €quation” +
dt Tcool  Tflow

1+ fr 1
Get Tsoot — Tgasterms on LHS of equation and Multiply left hand side by integrating factor exp| t o +
Tcool  Tflow

1+ fr 1 d 1+ fr 1 d 1+ fr 1 1+ fr 1
explte + . —(Tsoot - Tgas) + (Tsoot - Tgas) . + =_|exp|te + . (Tsoot - Tgas) =exp|te + e [Lasheat o (sin(w e t) + 1)]
Tcool  Tflow dt Tcool  Tflow Tcool  Tflow

Tcool Tflow dt

Integrating this expression in time t we have

1+ fr 1 r 1+ fr 1
explte + . (Tsoot - Tgas) =] exp|te + e [Lasheat e (sin(w e t) + 1)] dt
J Tcool  Tflow

Tcool Tflow
fr.= fr

Mathcad derived integral

t t fret
+ +

Tflow Tcool Tcool 2 2 2 2 2 2
o (Tflow ®sin(wet)+ Tcool ®sin(wet)+2efreTfow + Tflow + Tcool +fr ® Tflow +2@ Tflow®~

Lasheat ® Tflow ® Tcool ® €

1+ fr 1
| exp|te + e [Lasheat ® (sin(w e t) + 1)] dt —>

T T
J cool flow (Tflow +Te

Original form of
integral
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2 2 2 2 2 2 2 2
Lasheat ® Tflow ® Tcool ® ("’flow e sin(wet) +Tcool ®sin(wet)+2efreTfloy +Tflow + Tcool +fr @ Tflow +2¢ Tflow ® Tcool + 2 ® Tflow ® Tcool ® sin(w @ t) +2 e fr e Tfiow ® Tcool + 2 @ fr o Teiow it
Tsoot — Tgas = P P s P
(Tflow + Tcool + fr e Tflow) O (W * Tflow ® Tcool +fr o Tflow +2efreTf|

This is very complex try simplifying

Simplify by defining  ¢cn = 1Hfr + !

Tcool Tflow

Cnet 2 2 2 )
Lasheat o e 0<Cn +w +Cn -sm(w-t)anow-cos(w-t))

J exp(t e Cn) o [Lasheat ® (sin(w e t) + 1)] dt —> 3 5
Ch +Chew
2 2 2 X
Lasheat-(Cn +w +Cn -sm(th)anow-cos(w-t))
Tsoot — Tgas =
3 2
Ch +Chew
Define phase angle w w
e = tan($) =
1+ fr 1 Cn
( " j t (¢)2+1- : w ©* Teool = tan(¢)
an = — — =
Tcool Tflow Note 2 Cn = 1 + fr(T,svf)
cos( ) tan(d)
2 2 2 X
Lasheat-(Cn +w +Cn -sm(th)anow-cos(w-t))
Tsoot — Tgas =
3 2
Ch +Chew
2 2 2 2 .
Lasheate \Cn™ + @ + Cn e sin(e t) — Cne e cos(Me 1) . ® Lasheat s tan(() o \ tan(p)~ — cos(®e 1) o tan(P) + sin(me 1) + 1
3 > substitute Cn = - >
Cn” +Che ® tan(9) ®e tan(d)  + ®

(s’ (e + )
Lasheat o tan(¢) o \tan(d) — cos( wzo t) o tan(¢) + sin(w e t) + 1) _ Lasheat » tan(¢) [1 B cos(q))z « (cos(w e 1)  tan() + sin(w e 1) ):| AT e & G e L9 e 2R el 6 A ) G
wetan(¢p) + w w

where is the close bracket for the large open bracket?

Lasheat e tan(d) [1 B cos(¢)2 « (cos(w e 1)  tan(d) + sin(w » 1)) = Lasheat o tan(¢d) (1 + cos(d) » (=sin(d)  cos(w » ) + cos(d) @ sin(w e 1)) note that subtraction error of the line above fixed here.
w
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8in (2,-+2;)=28in 2; COB 23+ CO8 2y 8D 23

Lasheat o tan(d) . ) Lasheat o tan(d) )
———————[1+ cos(}) e (—sin(c¢) ® cos(w e t) + cos(P) e sin(wet)) =——————[1+ cos(¢) e (sin(wet—ob))]
w

Simplified expression for integral

Lasheat o tan()

Tsoot — Tgas = f [1+ cos(d) @ (sin(wet—d))] plus an integration constant IC?
fr(TOgas, svf)
fr(T, svf) HCsoor(T. 1) o f, T0gas) t
r(T,svf) .= ——— w, T , T , svf, ;= atan|
HCair(T) flow: Teool 8as 1+ fr(Togas,svi) 1
+
Tcool Tflow

2 2 2 2 2 2 2
Lasheat ® Tflow ® Tcool ® (Tﬂow esin(wet) +Tcool ®sin(wet)+2e fr(TOgas, SVf) ® Tflow + Tflow + Tcool + fr(TOgas, SVf) * Tflow + 2@ Tflow ® Tcool + 2 ® Tflow ® Tcool ® sin(w
E%riginal(wa Tflow Tcool> T0gas, SVf, t) =

(Tflow + Tcool + fr(TOgas, SVf) ® Tflow

5K
Lasheat = 1.824556 x 10 —
s

Lasheat e tan(¢(w, , ,svf, TO
EQSimpIified(Wa Tflow Tcool> TOgas. svf, t) = Sl an( (‘*’ Tf:?W Teooh ™ 835)) I:l + cos((i,(w, Tflow> Tcool» SV, Togas)) i (sin(w ot- ¢~(w, Tflow Tcool, sVf, Togas))):l

f:= 2500
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Comparison of original solution and simplified expression fo Tsoot-Tgas

0.701
0.70132
N
o
=}
©
[0
Q.
€
(0]
|_
-4
1.643x10
0 2
f
Time sec
Consideration of IC
When t=0 Tsoot = Tgas
— h °
IC= w(l + cos(d) e sin(—))
Lasheat o tan(d) ) )
Tsoot — Tgas = s [cos(d) e sin(P) + cos(P) e (sin(w e t— &))]
Lasheat o sin(¢) . . ) ) (wet wet
Tsoot—Tgas:T e (sin(¢p) + sin(w e t— d)) (sin(d) + sin(w e t—d)) =2 e sin o s + o

We have ignored any integrating factor, IC, but when t=0 (Tsoot - Tgas) = 0therefore IC=0

sf2(d, w, t) := tan(P)[1 + cos(P) @ (sin(w e t— d))]

sfl(d, w, t) := sin(P) o (sin(d) + sin(w e t— D))
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Tsoot-Tgas K

1.2

— With IC

1 No IC Tsoot — Tgas = 0

1.1

0.9

0.8

0.7

0.6

0.5

0.4
0.3

Temperature K

0.2
0.1

-0.1

-0.2

-0.3
0 0.005 0.01 0.015 0.02

Time sec

The introduction of the integrating constant based on Tsoot — Tgas = 0at t=0 causes the expression for the difference between the soot and the gas temperature to go

negative which is not a physically meaningful solution. The application of an integrating constant thus seems inappropriate here. In fact setting the temperature
difference to zero at time zero is equivalent to forcing the modulated temperature to be zero at t=0.however, the solution is still not physically meaningful because the
temperature difference cannot be negative. In what follows | will ignore the integration constant, but cannot rigorously mathematically justify that procedure.

Solve for 1g,

Substitute fr = fr(T, svf)

(Tsoot - Tgas) B (Tgas - TOgas)

Tcool Tflow

d
Now 7TgaS =fre
dt

Lasheat o tan(d) )

—————[1+ cos(P) e (sin(we t—d))] (T 10 )
d w gas gas
—Tgas =fre -

dt Tcool Tflow

fr o Lasheat o tan(o)
———————————[1+ cos(}) e (sin(wet—0))]
d Tgas w
“Tgas + = +
dt Tflow Tcool Tflow

TOgas
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t
Multiplying both sides by the integrating factor exp[( D we get
Tflow

fr o Lasheat e tan(¢)

———————————————[1+ cos(}) e (sin(wet—D))]
[ e e L o R i
,Tgas + e exp =_ Tgas ® exp = exp ° +
dt Tflow Tflow dt Tflow

Tlow Teool Tlow
b=0 TOgas := TOgas Tflow = Tflow Tcool = Tcool wi=w Lasheat:= Lasheat fr:= fr
t
( fr o Lasheat o sin(¢) . i ’ i i '
fr o Lasheat e sin(¢) _ ow ‘
I t > (sin(d) + sin(w e t — )) Togas e . (Lasheat o fr o Tflow + 2 ® TOgas ® W ® Tcool| — Lasheat @ fr o Tfjoy ® cos(w o t) + Lasheat ® w o fr e Tl + 2 ® TOgas® W ® Tflow
exp . g dt >
| oo = Tiow

2 3 3 2
(Lasheat o fr o Tflow + 2 ® TOgas ® w ® Tcool — Lasheat o fr o Tfjoyw ® cos(w e t) + Lasheat e w o fr e Tflgy + 2 ® TOgas® W ® Tflow ©® Tcool + Lasheat o fr @ Tfjoy @ cos(2 © G — w o t) — Lasheat o fr o Tf|oy ® cos(2 @ ¢) — Li
T, =
gas

3 2
20 Teool ® W @ Tflow + 2@ Tcool ® W

2 3 3 2
(Lasheat o fr ® Tflow + 2 ® TOgas ® w ® Tcool — Lasheat o fr o Tfjoy ® cos(w o t) + Lasheat e w o fr @ Tflgyy + 2 ® TOgas® W ® Tflow ® Tcool + Lasheat o fr e Ty ® cos(2 @ G — w o t) — Lasheat o fr o Tfloy ® cos(2 o ¢) — Lashea

3 2
2@ Teool ® W @ Tflow + 2@ Tcool ® W

2 2
wet wet 2 2 2 2 3 2
2 o fr e Tflow ® sin| d — 5 — 2 o fr e Tflow ® sin 5 —2efreTfow ®sin(dp) +wefreTfow esin(2edp—-—wet)+wefreTfgy esin(wet)—2ew efreTfgy esin(d)

Tgas=|— 3 5 o Lasheat + TOgas
20 Tcool ® W ® Tflow +2® Tcool ® W
wet wet 2 2 2 2
2 e sin| b — — 2 esin —2esin(dp) +weTflowesin(2ed-—wet)+we Tflow®sin(wet)—2ew oTfgy @ sin(d)
2 2 fr o Lasheat
Tgas = | - . + TOgas
2 Tcool w
20 Tcool® W ® Tflow + 2@
Tflow

Check expressions numerically
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w

w, fr, T ,T = atan| /<
¢( flow cool) (1 T 1 j

+
Tcool Tflow

2 3 3 2
(Lasheat o fr e Tflow + 2 ® TOgas ® W ® Tcopl — Lasheat o fr e Ty ® cos(w @ t) + Lasheat e w o fr @ Tflgyy + 2 TOgas® W ® Tflow ©® Tcool + Lasheat o fr e Troy © cos(z . <i>(w, fr, T4
resoriginaI(W, fr, TOgas, Tflow > Tcool t) =

wet wet 2 2
—— | —2esin 5 —2e sin(d)(w, fr, Tflow> Tcoo|)) + Wwe Tflow ® sin(z . d)(w, fr, Tflow> Tcoo|) —we t) +WweTfow esin(wet)—2ew o1

2e sin(d)(w, fr, Tflow,TcooI) T

ressimpliﬂed(W, fr, TOgas, Tflow Tcool» t) ==
Tcool

2
20 Tcool® W ® Tflow+ 2@
Tflow

Comparison of original and simplified expression for Tgas

1.5

0.5

Tgas-1730 K

-0.5

-4
0 5%10 0.001 0.0015 0.002

Time sec

I will use simplified expression

. wet (wet ) 2 ) _ 2 2
2 e sin ¢(W, fr, Tflow Tcool) e —2esin 5 —2e sm(d)(w, fr, Tflow Tcool)) +Wwe Tflow ® 5'“(2 O d)(w, fr, Tflow, Tcool) —we t) +we Tflow ® sin(wet) —2ew o Tflow

Tgas(w, fr, TOgas, Tflow Tcool t) ==
Tcool

2
20 Tcool® W ©® Tflow+ 2
Tflow
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Solve for Tsoot

2 2
wet wet 2 2 2 2
2 e sin| & — — 2 esin 5 —2esin(dp) +weTflowesin(2ed-—wet)+we Tflow ®sSin(wet)—2ew o Tfoy @ sin(d)

2 fr o Lasheat
Tgas = | - . + TOgas
2 Tcool w
20 Tcool® W ® Tflow + 2@
Tflow
Lasheat o tan(d) .
Tsoot — Tgas = T[l + cos() e (sin(wet—d))]
2
wet wet 2 2 2 2
2 e sin| & — — 2 esin —2esin(d) +weTflowesin(2ed—-—wet)+we Tfow ®sin(wet)—2ew o Tfoy ®sin(d)
2 2 fr o Lasheat Lasheat e tan(®)
Tsoot = | — . + TOgas + ———————[1 + cos() o (sin(w e t—¢))]
2 Tcool w w
20 Tcool ® W ® Tflow + 2 @
Tflow
wi=w ti=t b= Tflow = Tflow Tcool = Tcool Lasheat := Lasheat TOgas := TOgas Tsoot := Tsoot
wet wet 2 2 2 2
2 esin| & — — 2 esin —2esin(d) +weTflowesin(2ed—-—wet)+weTfow®sin(wet)—2ew o Tflgy @sin(d)
2 2 fr e Lasheat Lasheat o tan(d)
- . +T0gas+7[l+cos(¢) o (sin(wet— ¢))] collect, Las
2 Tcool w w
28 Tcool ® W ® Tflow +2 @
Tflow
wet wet 2 2 2 2
fre|2esinfd— — 2 esin —2esin(dp) +we Tflow®sin(wet)+weTfow ®sin(2ed—wet)—2ew o Tfgy @sin(d)
tan(®) e (sin(w e t— ¢) o cos(d) + 1) 2 2
Tsoot = - ® Lasheat + TOgas
w 2 ¢ Tcool 2
we|——— +2ew e Tflow ® Tcool
Tflow

| Have not found a way to simplify this symbolic expression other than the obvious of collecting Lasheat terms | have tried expessing
time constants as phase terms e.g. w e T¢o| = tan(¢co|) but it produced little useful simplification

b= TOgas := TOgas Tflow = Tflow Tcool = Tcool wi=w Lasheat := Lasheat fr:=fr
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2 2
wet wet 2 2 2 2
fr e | 2 o sin| b — — 2 esin —2esin(d) +weTflowesin(wet)+weTflgy ®sin(2ed—wet)—2ew o Tflgy @sin(d)

d || tan(d) e (sin(w e t — )  cos(P) + 1) 2 2
= - e Lasheat + TOgas| collect, Lasheat
dt w (2 ® Tcool 2 \]

we|———— +2eWw e Tflow ® Tcool

| Tflow
wet wet 2 2 wet wet
fre|2e wecos b — 5 e sin| ¢ — 5 —W ®Tflow ®cos(wet)+w ®Tflow®cos(2ed—wet)+2ewecos 5 ® sin 5
Difl = | cos(w ® t — ) @ cos(d) e tan(d) + o Lasheat

frO(Zow-cos(d)—

cos(w e t— @) o cos(d) e tan(d) +

wet . wet 2
5 )osm(d)— 5 j—w

[2 ® Tcool
we|——

2
+2ew ®Tflow ® Tcool
Tflow

)5

2
® Tflow ® cos(w e t) + w OTﬂowocos(Z-d)—th)+20wocos(

(2 ® Tcool
we|——

e Lasheat = 0 solve,t —

2
+2ew ®Tflow ® Tcool
Tflow

| Tried above to find the value of t that would make the first differential zero. That would've given me an expression which identified the first turning point (maximum or minimum).

Calculate numerical results

HCsoot(T, svi)

fr(T, svf) .=
HCair(T)

d)c(w, Tcool) = atan(w o Tcool)

¢f(w, Tflow) = atan(w . Tﬂow)

tan((])(w, Tflows Tcool, sVf, TOgas)) 3 (sin(w ot— ¢(w, Tflow Tcool, SVf, TOgas)) 3 cos(d)(w, Tflow» Tcool, SVf, TOgas)) +

w
1+ fr(TOgas, svf) 1

+
Tflow

i wet
1) fr(TOgas, svf) e |2 esin d)(w, Tflow> Tcool, sVf, TOgas) -

d)(w, Tflow Tcool» sVf, Togas) = atan [

Tcool

Tsoot(W, TOgas, Tflow Tcool» SVf, t) =

wet
2e sin(d)(w, Tflow> Tcools SVf, TOgas) - T) —2e sin(

w

wet

2
) -2 Sin(d)(UJ, Tflow, Tcool, SVf, TOgas)) +Wwe Tflow ® sin(z . d)(w, Tflow Tcool, SVF, Togas) —we t) + w e Tflow @ sin(¢

Tgas(wa TOgas, Tflow Tcool» sV, t) ==

6ePqemeEm

Las P4, T) =
neat(Pa. ) Naser ® fCp(T) » RHOS

I-35heat( Pd, Togas) . tan((])(w, Tflow Tcool, SVf, Togas))

Tcool

2
20 Tcool® W ® Tflow + 2 ®
Tflow

3 (1 + cos(d)(w, Tflow Tcool, sVf, TOgas)) . sin(w ot— d)(w, Tflow Tcool, sVf, TOgas)))

Tdif(TOgas, Lasheat, w, fr, Tflow, Tcool, t) = "
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f:= 2500

f kHz simulation Tflow=.0006 sec and Tcooling=2*10"-6 sec, 2.5 ppm soot

1.036 0.701
X< ¥
e ]
z 5
o =
@ oL
2 g
P e
—4
—-0.294 1.643x10
0 2
f
Time sec
Calculate numeric first and second derivatives of Tsoot equation
b= TOgas := TOgas Tflow = Tflow Tcool = Tcool wi=w Lasheat := Lasheat fr:=fr

wet wet 2 2 wet wet
frO(Zowocos(d)— 5 josin(cb— 5 )—w ® Tflow ® CoOs(w & t) + w OTﬂOWocos(ZOd)—th)+20wocos( 5 josin( 5
Difl =| cos(w ® t — @) e cos(¢) e tan(d) +

e Lasheat

2 e Tcool 2

we|l———— +2ew o Tflow ® Tcool

Tflow
6ePjemeEm

LaSheat(Pd, T) = HCsoot(T, svf) w

T fr(T,svf) .= ————— (I)(w, Tflow Tcool» TOgas, svf) = atan
Naser * fCp| - | # RHOS HCair(T) 1+ f(Togas, svi) 1
+
Tcool Tflow
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difl(w, Tflow, Tcools TOgas, SVf, t) = cos(w ot— d)(w, Tflow> Tcools TOgas, svf)) . cos(c])(w, Tflow» Tcool» T0gas, svf)) . tan(c])(w, Tflow» Tcool> T0gas, svf)) +

1000 e 2 e Tr
difl(i

-6 -6
,0.00045 e sec,1 e 10 e sec,1730 e K, 2.5 10 ,.0002474 o sec) =1
sec

Lasheat := Lasheat t=t fr:=fr

<
)

¢

TOgas := TOgas Tflow = Tflow Tcool == Tcool wi=w bf = Of

wet
frO(Zowocos(d)— 5 josin(d)f
cos(w e t— ¢) e cos(P) e tan(d) +

wet

2 2
jfw ® Tflow ® CoOs(w o t) + w -Tf|owocos(20¢—w-t)+20wocos(

fr(TOgas, svf) . (2 cwe cos(d)(w, Tflow» Tcools TOgas svf) -

wet

J(*)

wet
e sin
2 )

2 w
fre|w -sin(d)— ;

dt] (Z'Tcool
we | ——

2
+2ew ®Tfow ® Tcool
Tflow

2 2 2 2
wet 2 wet 2 wet 2 (wet
- W 'COS(])* + W e cos| — W esin
2 2 2 2

2
frejlw e sin(c]) -
Dif2 = Lasheat o

e Lasheat| — Lasheat @

3 3
j +Ww eTflow®sin(wet)+w o Tflow ®sin(2ed—wet)

[2 ® Tcool
we | —

2
+2ew ®Tfow ® Tcool
Tflow

wet 2
5 — W e cos CT)(UJ, Tflow Tcool> TOgas, SVf) -

2
fr(TOgas, svf) olw e sin(d)(w, Tflow> Tcools TOgas» svf) -
difz(w, Tflow, Tcools TOgas, SVf, t) = Lasheat e

Tflow

1000 e 2 o 1
dif2| ——
sec

-6 -6
,0.00045 e sec,1 e 10 e sec, 1730 e K, 2.5 ¢ 10 ,.0002474 o sec) =1

freq := stack(25, 100, 500, 1000, 2500, 5000, 7500, 10000, 20000, 30000, 40000, 100000)

din := 1..rows(freq)

2
wet
2)

(2 ® Tcool
we | —"

—wesin(wet— d) e cos(¢d) e tan(d)

2 2
2 wet 2 [(wet 3 )
+ W e Cos 5 —w esin 5 + W e Tflow ®sin(we

2
+t2ew o Tfow ® TcooJ

1
freq

Tflow = 0.0005 Tcool
CTOL = 0.001 TOL = 0.001
Guess x:=—.25
Given
freqdin e2eT o
difl , Tflow ® S€C, Tcool ® sec, 1730 o K, svf, esec| =0 x<0 x> — Res(din) := Find(x)
eq ,.
din
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The solve block finds the value of X for which the function dif1 is 0. diftis iTsoot and we finding the time, x, in units of —— or the period of the laser driving
dt req

function. There are multiple such minima and maxima and the solve block is limited to the interval x of -11/2 to 0

0.04
0.01
0.002
0.001
0.0004
0.0002
1 atan{ Res(din) e 2 e 7t + T
Res(din) e freq,, e 2e =1 _ 0.000133 . 5
din freq ,. Res(din) = =1
din 0.0001 deg
-5
5x 10
-5
3.333333x 10
_5 . "T
2.5x 10 atan| Res(din) e 2 e 7t + 5
hase: =
_5 P theorycIin deg
1x 10
What is dif1 for the solve
blocksolutions
. fredgiy * 2™ Res(din)
difl , Tflow ® S€C, Tcool ® sec, 1730 e K, svf, ————— e sec| =1u
freq .
din
Guess x = —.08
freq_ e 2 e T
Given difl , Tflow ® S€C, Tcool ® sec, 1730 e K, 2.5 10 esec| =0
freq5

Res2:= Find(x) = &

Res2
Res(5)

freq_ e 2 e T
esec| =1
1=un

difl , Tflow ® S€C, Tcool ® sec, 1730 e K, svf,
freq 5

This individual fit was an attempt to see if a more accurate solution would be found by starting the fit with a guess value very close to the solution obtained in the first solve block. Indeed
Last saved: 20:25 27.07.2013

26 of 41

D:\Mathcad-collab\TMP\Modulated LIl theory use me2 (kt comments).xmed



it did find a more accurate solution as evidenced by the fact that the the value of dif1 at this new solution was approximately 1/3 the original value. The ratio of the two solutions
Res2

Res(5)

— 1=u indicates that the improvement was in the 15th decimal place — not significant

The value of the second differential for each of the
solutions is positive indicating that we have found a
minimum turning point rather than a maximum.

5.15
freq, e2erm .
din Res(din) 31.58
dif2| ——————, Tflow ® Sec, Tcool ® sec, 1730 e K, svf, ————— e sec| =1u
sec 89 §in 45.15
49.16
orig :=
47.59
30.38

22.1

20.99

Experimental data

phase := stack(0, 29, 53, 65, 57, 29, 25, 32)
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phase :=

vs_phase := Ioess(log(freqexp) N phaseexp, 0.5)

-0.6
0.4
1.2

-12.2
-46.8
-59.8
-56.0

-40.8

-32.0

-27.9

—26.2

-27.9

-28.9

-31.9

03
27
—04
~116
—46.4
-59.5
-56.8
-40.9
-333
-287
—257
-273
-31.9
-306

phaseexp = —

(p (

phase  + phase

2

fit_phase(z) := interp(vs_phase, Iog(freqexp), phaseexp, z)

D:\Mathcad-collab\TMP\Modulated LIl theory use me2 (kt comments).xmed

freqexp =

25
25
25
100
500
1000
2500
5000
7500
10000
20000
30000
40000
40000

phaseexp =

28 of 41

0.15
-1.55
-04
11.9
46.6
59.65
56.4
40.85
32.65
283
25.95
27.6
304
31.25
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Phase delay

60.081
[22]
Q
o
(o))
[4)
©
>
®
[
©
(0]
(2]
@©
<
o
-1.55
1.398 5
log(frequency)

D:\Mathcad-collab\TMP\Modulated LIl theory use me2 (kt comments).xmed 29 Of 41 Last saved: 20:25 27.07.2013



f kHz simulation Tflow=.0004 sec and Tcooling=1*10"-6 sec, 2.5 ppm soot

2.948 0.684
X X
2 -
o
= ~
—2.596 —0.255
-7 2eTT
2
. . Phase -1t/2 to 2*m
Calculate amplitude of signal
ind := 1.. rows(freq)
2o e freq, —6 Res(ind) + .5 2 e m e freq; — 6 Res(ind)
Amp. = Tsgot ,1730 @ K, Tflow ® Se€c, Tcool ® sec,2.5e 10 ,——— e sec| — Tsoot ,1730 @ K, Tflow ® S€c, Tcool ® sec,2.5¢ 10 ® sec
ind sec freq. sec freq.
ind ind
D:\Mathcad-collab\TMP\Modulated LIl theory use me2 (kt comments).xmed
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Amp1

scale:= —— =1
A Ampind K
mp. =
Pind scale
20T e freqind _6 —6 Res(ind) + .5
up = Tsoot ;1730 ¢ K, 0004 « sec, 1410 @ sec,2510 ~, — ———— o sec| ~ 1730 e K
ind sec freq,
ind
20T e freqind _6 —6 Res(ind)
lo. = Tsoot| ———, 1730 ¢ K,.0004 e sec, 1 # 10 ~ e sec,2.5¢10 ,———— e sec| - 1730 ¢ K
ind sec freq;
ind
up=1 lo=1u Amp =1

Am
vs_amp := loess| In(freq), Ame , .45 . . Amp
K fit_amp(z) := interp| vs_amp, In(freq), T ,In(z
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Amp1= []

Amp =1

Amp1= []

Are the negatives a function of the IC (or not having solved for

it)?
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35907.3
17059.5
9655.9

32184.7
19599.7
113243
6072.4

AmPexp = 3347.0
3052.8
2816.7
2685.5
2545.3
2641.4

2654.6

1683472.3
830642.6
439698.0
1599872.3
1007944.8
589196.2
262902.2
179169.1
160848.2
146999.5
138556.5
137386.2
138765.5
141106.1

freqexp =

25
25
25
100
500
1000
2500
5000
7500
10000
20000
30000
40000
40000

laserint := stack(1,.5,.3,1,1,1,1,1,1,1,1,1,1,1)

(p (»
(P Ampexp (2 Ampexp
Ampexp = Ampexp =
laserint laserint
(p
(P _ Ampexp o Amp 0
Ampexp = = 7Am Am 2 exp
Pexp Pexp =—"—"
1,1 Ampexp1 2

Is this a comparison of temperature and signal intensity? Is that an appropriate comparison?

Scaled relative amplitude au

Ampexp =

6
359073  1.683472x 10
6

34119 1.661285 x 10
6

32186.333333 1.46566 x 10
6

32184.7 1.599872 x 10
6

19599.7  1.007945x 10
5

113243  5.891962x 10
5

6072.4 2.629022 x 10
5

3347 1.791691 x 10
5

3052.8 1.608482 x 10
5

2816.7 1.469995 x 10
5

2685.5 1.385565 x 10
5

25453 1.373862 x 10
5

2641.4 1.387655 x 10
5

2654.6 1.411061 x 10

Phase delay

11
o)
©
3
=
=
S
®©
0
2
=
o
3]
o
0.057
25
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60.081
[%2]
(0]
(0]
—
[@)]
(4]
©
>
«
[]
©
(0]
(2]
©
e
Qo

100000 -155

phase delay dearees

32 of 41

Last saved: 20:25 27.07.2013



Frequency

-6 -6
Tflow = .0005 Tcool = 1.6 ¢ 10 svf= 2.5 10

Scaled relative amplitude au

1
()
©
2
=
g
©
[)
=
T
(O]
X
-2.858
25 100000
Frequency
Cooling rate

TOgas = 1730K

120 KAD » v e (T - Tgas)
9r=_
a [Re + (6(Tgas)) MFP]  (fCp(T) « RHOS o dp)
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1.398

Tflow = .0006
Tflow = .0005
Tflow = .0004

log(frequency)

—6
Tcool=2 10
—6
Tcool= 1.6 ¢ 10

—6
Tcool= 1.2 ¢ 10

—6
svf =2.5 10

—6
svf =2.5 10

—6
svf =2.5 10
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Since Tgas is essentially constant - if we ignore gas heating - then the soot temperature decays

T-Tgas 12eKADeuet t ) . ) ) ) .
— = =—exp|- - = exp| — exponentially with a time constant T given below where we have ignored the mean aggregate size Rg as
Tinitial — Tgas |:Rg + (G(Tgas)) . MFP] ¢ (Cp_fix ® RHOS e dp) T being negligible in the free molecular regime of a flame

[(6(T0gas)) « MFP] « (Cp « RHOS » dp)
T =
12 ¢« KAD ® @
Create Eucken factor equation: Vs = Ioess(TEucken, Eucken, 0.8). Vs = Ispline(TEucken, Eucken)
f(temp) = interp(vs, TEucken, Eucken, temp)
1
TOgas watt TOgas watt -
KAD := .001 e | fTC| . .001 o | fTC| . 2
K meK K me K T ¢ Re TOgas
MFP := - o . MFP = &
gm
leatme CVair( gasj . f( gasj 2e (28‘96 . )
K K mole
C fC| TOgas
Py Assume a=02
TOgas
G p o MFP| o (Cp  RHOS e 30 & nm)
T:= T=1
12 e KAD o ¢

Stop point

[¥] Unsuccessfull Fourier transform attempts
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Calculate modulated radiation % - 0025

Theoretical Radiation power of a Soot Particle:

Using Wein approximation

3 2 3
8eTm ehec edp

e Em
6 hec
N eolexpl ———
kpe XeTP

Rad_Par =

1807.2 - 1731 =76.2

where Em is the scattering function

The total (over 4- steradians) spectral power radiated at wavelength by a single particle of diameter

dp,

If we want the signal in photons/sec rather than watts we must divide by hec

3
8e T ecedp
e Em
5 hec
N eolexpl ———
kpe XeTP

3
8eT ecedp

e Em
5 hec
N eolexp| ————
kpe XeTP

Pho_Par =

Pho_Par(TP, X\, dp) :=

1 -1
Pho_Par(1730 e K, 450 ¢ nm, 30 ¢ nm) = 409.635819 — e nm
s

D:\Mathcad-collab\TMP\Modulated LIl theory use me2 (kt comments).xmed

the energy of a single photon

This is the number of photons per nm wavelength interval into 4*mr
steradians
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4
7.4x10

520
—— 405 nm black body emission rate
—— Linear relationship
sool 780 nm black body emission rate .
—— Linear relationship —17.2x10
)
©
—
c
§ 480 .
3 —7x10
IS
[}
o 460
S
£
a4
3 —16.8x10
[0}
o 440
£
n
4
—16.6x10
420
a4
400 6.4x10
1730 1735 1740 1745 1750
Temperature K
ci=c h:i=h kp = kp
ceh
3 3 3 2 3 TPeXekp
d 8em ecedp 8em eEmec edp ehee

- eEm| —
dTp| (5 hec
N elexp| ———
kpeXeTP

To a good approximation we can calculate modulated radiation intensity from the product of r this differential and temperature change using an average

temperature

Teool ® (1 + COS(dJ(TcooI, w,T, svf)) . sin(w ot— d?(’l'cool’ w,T, svf))) (Tﬂow *

2 6
TP e X ekp

cos(w et—we Tf|ow) — cos(w e t)

w

5 +
HCso0t(T, svf)
1
HCair(T)

svf:= svf

D:\Mathcad-collab\TMP\Modulated LIl theory use me2 (kt comments).xmed

+ TOggas
HCair(T) 8
14—
HCso0t(T, svf)
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sfi(e) :=

ZOﬁOCnSt'COS(UJOTﬂow)—2071“
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cos(w et—we ‘rf|ow) — cos(w e t)j T e Wwe Tcopl ® cos(Z . ¢(Tcoo|, w,T,

Tcool ® (1 + cos(cb('rcoo|, w, T, svf)) . sin(w ot— ¢(‘rcoo|, w, T, svf))) (Tﬂow * w ) sf2(n) =
+ p— fourier — 2

cnst

Here | get the error: "This value must be a scaler" and it points to variable svf which is a scaler
and has been reset with s -«

The symbolic Fourier transform is evaluated in a separate Mathcad sheet see below

cos(m- t— e ‘Cﬂow) - cos(me t)

Tcool ® (1 + cos(¢(rcoo|, T, svf)) . sin(o). t— ¢(1;C°0|, o, T, svf))) [T‘%W * ) fourt 2emecnste A(O+ ®W) +2eTecnste A(WW- ) — 2 Tecnste A(M+ ®C)
+ ourier —
cnst

2
cnst

FT term at fundamental frequency

2 e Tl echste cos(co- ’C.ﬂow) —2eTecnst—TTe®e T ool ® sin(2 . ¢(T.coo|, oT, svf)) + T e®e T ool ® cos(Z . ¢(r.coo|, T, svf)) e li +2i e Tecnste sin(coo T.ﬂow) + T e e Tcool®li A
s A(O®

2eMe cns'r2

HCair(T)

cnst(T,svf) =14+ ———
HCsoot(T, svf)

2 o v @ cnst(T, svf) e cos(w . Tf|ow) —2eqecnst(T,svf) — T e we Tcoo| @ sin(2 . ¢(Tcoo|, w,T, svf)) + T e We Teopl ® cos(Z . ¢(Tcoo|, w,T, svf)) e i+ 2ie e cnst(T,svf) e sin(w «
5f3(W, Tcool, Tflow SVf, T) = LaSheat(Pd, T) e - 5
se2e wecnst(T, svf)

[ 2eecnste cos(w . Tf|ow) —2eTmecnst— T e wWe Teogl ® sin(Z . ¢(Tcoo|, w,T, svf)) + T ewe Teogl ® cos(Z . ¢(Tcoo|, w,T, svf)) eji+2iemecnste sin(w . Tf|ow) + e

2
2 e wecnst
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122.194

Frequency /sec

Amplitude of w term

.01

10

2 e 7t @ 20000
272

sf?{

sec

2e e 20

sec

Amplitude

-6 -6
,210 e sec,.006 e sec,2.5¢10 ,1730 e Kj =1

-6 -6
,210 e sec,.006 e sec,2.5¢ 10 ,1730e Kj =1

Re
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sec

20T ez -6
sf3 ———,2 10

1807.2 - 1731 =76.2

1
120.08
o = 3.151706 40(
76.2
0.C
4.4
0.0003256
—— = 30.472625
1.0685e-005
0.00052593
—————— = 35.702261
1.4731e-005
0.00016:
5.6057e-
0.00064579
—— = 38.232787
1.6891e-005
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Phase of w term

10

tan theta

-10

10 10000

Frequency /sec
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Phase of w term

89.936

Phase degrees

—89.709

10 10000

Frequency /sec

2e e 10 -6 -6
Im| sf3| ———,2 e 10 e sec,.005 esec,1.¢10 ,1730eK

sec
=1
2e e 10 -6 -6
Re| sf3] ————,2 10 e sec,.005esec,1. 10 ,1730eK
sec

atan(5) atan(-5) atan(—10)

= 78.690068 — = -78.690068 — = —84.289407

deg deg deg

Constant term

4eTeweTeool+4eTewecnste Tfow 4eTewe Teop|+ 4@ T e wecnst e Ty
_ o A(ww)

2 2
2 e wecnst 2 e wecnst
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4eTewe Teoo|+ 40T e wecnst(T, svi) o Tflow
Sf4(0->, Tcool, Tflow svf, T) =

5 . I-aSheat(Pd, T)
2 e w e cnst(T, svf)

0.00022502

DC term

246.094

Temperature K

245.602

10 10000

Frequency /sec
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